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WLYHO\� WKH HPSLULFDO DQG TXDQWLOH SURFHVVHV� :H GR QRW IROORZ WKLV WUDGLWLRQ LQ WKH FXUUHQW SDSHU

IRU WKH VDNH RI DYRLGLQJ UH�QRUPDOL]DWLRQV RI DOUHDG\ QRUPDOL]HG SURFHVVHV� 7KXV� LQ WKH FXUUHQW

SDSHU� ZH ZLOO QRUPDOL]H DOO WKH SURFHVVHV RQO\ RQFH� ZKHQ QHHGHG� e

7KURXJKRXW WKH SDSHU ZH DVVXPH WKDW WKH GLVWULEXWLRQ IXQFWLRQ ) LV FRQWLQXRXV� 7KHUHIRUH� WKH

UDQGRP YDULDEOH 8 � )�;� LV ��� ���XQLIRUP� DQG VR DUH DOVR WKH IROORZLQJ LQGHSHQGHQW UDQGRP
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2XU UHDVRQ IRU VSHOOLQJ RXW WKH FRQFOXVLRQV RI 7KHRUHP ��� XQGHU WKH FRQGLWLRQV L�� LL� DQG LLL�

LV WR FDOO DWWHQWLRQ WR WKH IDFW WKDW XQGHU WKHVH FRQGLWLRQV RQH FDQ DOUHDG\ DFFRPPRGDWH DOO WKH
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6WDWHPHQWV ����� DQG ����� FRQVWLWXWH WZR EDVLF UHVXOWV XSRQ ZKLFK HVWLPDWLRQ RI WKH TXDQWLOH

IXQFWLRQ )b� DQG LWV YDULRXV IXQFWLRQDOV RI LQWHUHVW DUH XVXDOO\ EXLOW RQ �FI� 6HFWLRQ � EHORZ IRU

PRUH GHWDLOV RQ WKH VXEMHFW�� 7KH LPSRUWDQFH RI TXDQWLOHV LQ WKH VWDWLVWLFDO VFLHQFHV KDV EHHQ

GLVFXVVHG E\ %DKDGXU ������� %LFNHO ������� &KHUQRo� *DVWZLUWK DQG -RQHV ������� .LHIHU ������
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=LWLNLV ������� DPRQJ PDQ\ RWKHUV� 1DWXUDOO\� HVWDEOLVKLQJ DV ZHDN DV SRVVLEOH DVVXPSWLRQV XQGHU

ZKLFK VWDWHPHQWV ����� DQG ����� FRQWLQXH WR KROG WUXH LV RI LQWHUHVW DQG SUDFWLFDO LPSRUWDQFH�
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ZKHQ Q��� 6LQFH WKH UHVSHFWLYH UDWHV RI FRQYHUJHQFH WR � RI NI r)b�qQbq
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Q N LQ ERWK VWDWHPHQWV

������ DQG ������ DUH FRQVLGHUDEO\ VORZHU WKDQ WKRVH VWDWHG LQ 7KHRUHP ���� RQH FDQ WKHUHIRUH H[SHFW
WR KDYH ERWK VWDWHPHQWV ������ DQG ������ XQGHU ZHDNHU DVVXPSWLRQV RQ ) WKDQ WKRVH LQKHULWHG
IURP 7KHRUHP ��� IRU SURYLQJ WKHP� :H DUH QRZ WR GHPRQVWUDWH WKLV IDFW LQ RXU 7KHRUHP ���
EHORZ�
*LYHQ WZR IXQFWLRQV J� DQG J�� ZH XVH WKH QRWDWLRQ J��W� t J��W�� W � W�� LI ERWK VWDWHPHQWV

OLP VXSW�W� MJ��W� J��W�M �� DQG OLP VXSW�W� MJ��W� J��W�M �� KROG WUXH�

$VVXPSWLRQ ��� /HW WKH GLVWULEXWLRQ IXQFWLRQ ) EH DEVROXWHO\ FRQWLQXRXV� DQG OHW WKH GHQVLW\�
TXDQWLOH IXQFWLRQ I r )b� EH
Y� FRQWLQXRXV RQ WKH RSHQ LQWHUYDO ��� ���
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,I LW LV QRW VWDWHG H[SOLFLWHO\ RWKHUZLVH� $VVXPSWLRQ ��� LV DVVXPHG WKURXJKRXW WKH SDSHU�
$VVXPSWLRQ ��� ZDV LQVSLUHG E\ UHVXOWV DQG GLVFXVVLRQV LQ 6KRUDFN �����D� E�� 0� &V�RUJR̀ DQG

5wHYwHV] ������� 3DU]HQ �����D�E�F� ������ &V&V+5 ������� 0� &V�RUJR̀ DQG +RUYwDWK ������� ,W LV
LQWHUHVWLQJ WR QRWH WKDW $VVXPSWLRQ ��� LV HVVHQWLDOO\ WKH VDPH DV DVVXPSWLRQ LLL� RI 7KHRUHP ����
WKRXJK WKH DGYDQWDJH RI $VVXPSWLRQ ��� LV WKDW LW GRHV QRW UHTXLUH WZLFH GLoHUHQWLDELOLW\ RI ) �
,QGHHG� VLQFH WKH YDOXH RI q ! � RI DVVXPSWLRQ LLL� EHFRPHV LUUHOHYDQW ZKHQ GHGXFLQJ WKH YDOLGLW\
RI VWDWHPHQWV ������ DQG ������ YLD 7KHRUHP ���� DVVXPSWLRQ LLL� LQ WKLV FRQWH[W WKHUHIRUH UHGXFHV
WR WKH IROORZLQJ RQH
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'LVFXVVLRQV DQG UHVXOWV LQ 3DU]HQ �����D�E�F� ������ 6HQHWD ������� DQG %LQJKDP� *ROGLH DQG

7HXJHOV >%*7@ ������ VKRZ WKDW DVVXPSWLRQV ������ DQG ������ ZLWK ) WZLFH GLoHUHQWLDEOH FDUU\

HVVHQWLDOO\ WKH VDPH PHVVDJH DV $VVXPSWLRQ ��� ZLWKRXW WZLFH GLoHUHQWLDELOLW\ RI ) �
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7KHRUHP ��� %RWK VWDWHPHQWV ������ DQG ������ KROG WUXH� (TXLYDOHQWO\� WKH IROORZLQJ WZR VWDWH�

PHQWV
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KROG WUXH ZKHQ Q���

6WDWHPHQWV ������ DQG ������ WDNHQ WRJHWKHU ZLWK WKH DERYH PHQWLRQHG )LQNHOVWHLQ ������ DQG

'RQVNHU ������ UHVXOWV �FI� VWDWHPHQWV ����� DQG ������� UHVSHFWLYHO\� LPPHGLDWHO\ LPSO\ WKH IRO�

ORZLQJ FRUROODU\�

&RUROODU\ ��� 6WUDVVHQ
V W\SH /,/ �FI� VWDWHPHQW ������ IRU� DQG FRQYHUJHQFH LQ GLVWULEXWLRQ �FI�

VWDWHPHQW ������ RI� WKH JHQHUDO TXDQWLOH SURFHVV I r )b�qQ KROG WUXH�
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VLWXDWLRQ GXH WR WKH IDFWRU I r )b��W� WKDW QHHGV WR EH HVWLPDWHG� 8QGHU DGGLWLRQDO DVVXPSWLRQV
RQ I � WKH ODWWHU SUREOHP ZDV LQYHVWLJDWHG E\ 0� &V�RUJR̀ DQG 5wHYwHV] ������� 6KRUDFN DQG :HOOQHU

������� 0� &V�RUJR̀ DQG +RUYwDWK �������

7R D FHUWDLQ GHJUHH� WKH HVWLPDWLRQ RI� DQG WKXV DGGLWLRQDO DVVXPSWLRQV RQ� WKH GHQVLW\�TXDQWLOH

IXQFWLRQ I r )b� FDQ QHYHUWKHOHVV EH DYRLGHG E\ VKLIWLQJ� YLD WKH ZHLJKW IXQFWLRQ T� WKH GHQVLW\

TXDQWLOH IXQFWLRQ I r )b� IURP WKH OHIW�KDQG VLGH WR WKH ULJKW�KDQG VLGH RI ����� � 6SHFLpFDOO\� OHW

WKH ZHLJKW IXQFWLRQ T EH T�� ZKHUH

T��W� � I r )b��W�Wb~���b W�b~�

DQG WKH SDUDPHWHUV ~� DQG ~� DUH VXFK WKDW

~L

�!�
!�

 � LI �L  ��
! � LI � � �L x

�

�
�

! �L b
�

�
LI �L !

�

�
�

�����

,W LV HDV\ WR FKHFN WKDW XQGHU $VVXPSWLRQ ��� WKH ZHLJKW IXQFWLRQ T  T� LV VXFK WKDW DVVXPSWLRQ
����� KROGV WUXH� )XUWKHUPRUH� LW LV DOVR HDV\ WR FKHFN WKDW T� y T�� ZKHUH T� LV D QRQ�GHFUHDVLQJ RQ
D ULJKW�QHLJKERXUKRRG RI �� QRQ�LQFUHDVLQJ RQ D OHIW�QHLJKERXUKRRG RI �� DQG LV VXFK WKDW � T� LV
VTXDUH LQWHJUDEOH RYHU ��� ��� &RQVHTXHQWO\� XVLQJ WKH ODVW VWDWHPHQW RI 7KHRUHP ���� ZH FRQFOXGH
WKH IROORZLQJ UHVXOW�
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(YHQ WKRXJK WKH �XQNQRZQ� GHQVLW\�TXDQWLOH IXQFWLRQ I r )b� KDV QRW EHHQ UHDOO\ UHPRYHG
IURP WKH FRQpGHQFH EDQG LQ ������ GXH WR WKH SRLQW ]~� �~� �o�) � VWLOO GHSHQGLQJ RQ I r )b�� WKH
HVWLPDWLRQ RI WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b� FDQ QHYHUWKHOHVV EH DYRLGHG QRZ E\ XVLQJ� IRU
H[DPSOH� ZHOO�GHYHORSHG ERRWVWUDS PHWKRGRORJLHV �FI� 0� &V�RUJR̀� 6� &V�RUJR̀ DQG 0DVRQ >&V&V0@�
����� &V&V+� ����� 6� &V�RUJR̀ DQG 0DVRQ� ����� 0� &V�RUJR̀� +RUYwDWK DQG .RNRV]ND� ����� IRU
ERRWVWDSLQJ HPSLULFDO DQG UHODWHG SURFHVVHV� YLD 7KHRUHP ����

1DWXUDOO\� WKH YDOXHV RI SDUDPHWHUV ~� DQG ~� DUH FUXFLDO IRU FRQVWUXFWLQJ DV QDUURZ DV SRVVLEOH
FRQpGHQFH EDQGV IRU )b� LQ QHLJKERXUKRRGV RI � DQG �� 6LQFH DVVXPSWLRQ ����� LPSOLHV WKDW ERWK
~� DQG ~� DUH QRQ�QHJDWLYH� LQ PRVW FDVHV WKH FRQpGHQFH EDQG JLYHQ LQ ������ H[SDQGV ZKHQ W � �
DQG W � �� 8QIRUWXQDWHO\� WKLV SUREOHP FDQQRW EH HDVLO\ UHVROYHG VLQFH� DV LW HDV\ WR VHH� DVVXPSWLRQ
����� FDQQRW EH VXEVWDQWLDOO\ UHOD[HG ZLWKRXW D PRGLpFDWLRQ RI WKH RULJLQDO SUREOHP ������ RU ������
7KXV� DVVXPSWLRQ ����� FDQQRW EH VXEVWDQWLDOO\ UHOD[HG HLWKHU�
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��@� ZH FDQ UHOD[ DVVXPSWLRQ ����� VLJQLpFDQWO\ DQG LQ WKLV ZD\ LQFUHDVH WKH UDQJH RI YDOXHV RI ~�
DQG ~��
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������� WKDW DUH DSSHDOLQJ DW WKH pUVW VLJKW� DUH REWDLQHG XQGHU WKH DVVXPSWLRQ WKDW WKH GHQVLW\�

TXDQWLOH IXQFWLRQ I r )b� LV FRQWLQXRXV DQG �VWULFWO\� SRVLWLYH RQ WKH FORVHG LQWHUYDO >�� �@� 7KH

ODWWHU DVVXPSWLRQ LPSOLHV� LQ SDUWLFXODU� WKDW WKH GLVWULEXWLRQ IXQFWLRQ ) KDV D FRPSDFW VXSSRUW�

0RUH WR WKH SRLQW DORQJ WKHVH OLQHV� 0� &V�RUJR̀ DQG +RUYwDWK ������ FRQVWUXFWHG FRQpGHQFH

EDQGV IRU )b� HYHQ ZLWKRXW WKH UHTXLUHPHQW RI DEVROXWH FRQWLQXLW\ RI WKH GLVWULEXWLRQ IXQFWLRQ

) � WKRXJK� QDWXUDOO\� QRW RYHU WKH FORVHG LQWHUYDO >�� �@� $V DQ LOOXVWUDWLRQ RI WKHLU UHVXOWV ZH QRZ

IRUPXODWH WKH IROORZLQJ WKHRUHP�
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IXQFWLRQ T EH FRQWLQXRXV RQ ��� ��� QRQ�GHFUHDVLQJ RQ D ULJKW�QHLJKERXUKRRG RI �� QRQ�LQFUHDVLQJ RQ
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=
�

�

�

W��b W�
H[S

~
b s

T��W�

W��b W�

�
GW �� ������

IRU DOO s ! �� 7KHQ IRU DQ\ p[HG o � ��� �� WKH VWDWHPHQW

)b��W� �
x
)b�
Q

b
Wb T�W�

]oS
Q

c
� )b�

Q

b
W� T�W�

]oS
Q

cy
� sQ x W x �b sQ� ������

KROGV WUXH ZLWK SUREDELOLW\ �bo� R��� ZKHQ Q��� ZKHUH sQ LV DQ\ VHTXHQFH RI SRVLWLYH QXPEHUV

sQ � � VXFK WKDW
S
QsQ ���

:H QRWH LQ SDVVLQJ WKDW WKH PHUH FRQWLQXLW\ RI ) LQ 7KHRUHP ��� ZDV DFKLHYHG E\ 0� &V�RUJR̀

DQG +RUYwDWK ������ DW WKH H[SHQVH RI UHVWULFWLQJ WKH YDOXHV W WR WKH LQWHUYDO >sQ� � b sQ@� ZKHUHDV

WKH FRQpGHQFH EDQGV RI &RUROODULHV ������� KROG WUXH HLWKHU RYHU WKH ZKROH LQWHUYDO ��� �� RU RYHU

>� �Q���� Q �Q���@� $OO WROG� WKHVH IDFWV UHqHFW WKH FRPSOH[LW\ RI WKH SUREOHP XQGHU LQYHVWLJDWLRQ�
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7KHQ VWDWHPHQW ������ KROGV WUXH�

:H QRWH LQ SDVVLQJ WKDW FRQGLWLRQ ������ LPSOLHV WKDW RI ������ �FI�� IRU H[DPSOH� S� �� RI &V&V+�

������ +HQFH� XQOLNH LQ ������� KRZHYHU� ZH GHDO ZLWK WDNLQJ VXS RYHU WKH LQWHUYDO >� �Q���� Q �Q�

��@� ,Q WKLV UHJDUG� FRQGLWLRQV ������ DQG ������ LPSO\� LQ SDUWLFXODU� WKDW WKH PRUH H[DFWO\ ZH DUH

DEOH GHVFULEH WKH EHKDYLRXU RI WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b��W� ZKHQ W � � DQG W � �� WKH
ODUJHU FODVV RI ZHLJKW IXQFWLRQV T FDQ EH XVHG LQ VWDWHPHQW ������� ,Q WKLV VHQVH WKH IXQFWLRQ {

GHpQHG LQ ������ DQG ������ FDQ EH LQWHUSUHWHG DV D SHQDOW\ IRU WKH ODFN RI LQIRUPDWLRQ DERXW WKH

EHKDYLRXU RI WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b��W� QHDU � DQG ��

8QGHU PRUH VWULQJHQW DVVXPSWLRQV RQ ) WKDQ WKRVH JLYHQ LQ 7KHRUHP ��� DERYH� 0� &V�RUJR̀

������ DQG *�5� 6KRUDFN �FI� 7KHRUHP � RQ S� ��� LQ 6KRUDFN DQG :HOOQHU� ����� SURYHG WKH

IROORZLQJ WKHRUHP�

7KHRUHP ��� >0� &V�RUJR̀� ����� *�5� 6KRUDFN� ����@ /HW DVVXPSWLRQV L��LLL� RI 7KHRUHP ��� KROG

WUXH� DQG OHW WKH ZHLJKW IXQFWLRQ T EH DV LQ 7KHRUHP ���� 7KHQ VWDWHPHQW ������ KROGV WUXH�

7KHRUHP ��� RQ S� ��� RI 0� &V�RUJR̀ DQG +RUYwDWK ������ GHPRQVWUDWHV WKDW DVVXPSWLRQV L��LLL�

>RI 7KHRUHP ���@ FDQ EH IXUWKHU ZHDNHQHG LQ 7KHRUHP ���� 1DPHO\� WKH IROORZLQJ WKHRUHP KROGV

WUXH�

7KHRUHP ��� >0� &V�RUJR̀ DQG +RUYwDWK� ����@ /HW WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b� EH FRQ�

WLQXRXV DQG SRVLWLYH RQ ��� ��� DQG OHW WKHUH H[LVW WZR PRQRWRQRXV IXQFWLRQV 5� DQG 5� VDWLVI\LQJ

WKH IROORZLQJ WZR VHWV RI FRQGLWLRQV��
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IRU DOO � � p ��� 7KHQ VWDWHPHQW ������ KROGV WUXH IRU DQ\ ZHLJKW IXQFWLRQ T DV LQ 7KHRUHP ����

:H QRWH LQ SDVVLQJ WKDW LI WKH IXQFWLRQ 5� VDWLVpHV FRQGLWLRQ ������ DQG 5� VDWLVpHV �������

WKHQ FRQGLWLRQV ������ DQG ������ HVVHQWLDOO\ UHTXLUH WKH H[LVWHQFH RI PRQRWRQRXV IXQFWLRQV WKDW

ERXQG WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b� LQ QHLJKERXUKRRGV RI � DQG �� 7KHUHIRUH� LI ZH NQRZ
RU DVVXPH WKDW WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r )b� LV PRQRWRQRXV LQ QHLJKERXUKRRGV RI � DQG �

�FI� DVVXPSWLRQ LY�E� RI 7KHRUHP ����� WKHQ DVVXPSWLRQV ������ DQG ������ DUH� RI FRXUVH� YRLG� ,I

WKH GHQVLW\�TXDQWLOH IXQFWLRQ I r)b� LV UHJXODUO\ YDU\LQJ �DV LQ $VVXPSWLRQ ����� WKHQ DVVXPSWLRQV
������ DQG ������ DUH VDWLVpHG VLQFH DFFRUGLQJ WR� IRU H[DPSOH� 7KHRUHP ����� RI %*7 ������� HYHU\

UHJXODUO\ YDU\LQJ IXQFWLRQ KDV D PRQRWRQH HTXLYDOHQW�

7KHRUHP ����Y� RQ S� ������� RI 0� &V�RUJR̀ DQG +RUYwDWK ������ IXUWKHU UHOD[HV WKH DVVXPSWLRQ

WKDW ������ KROGV WUXH IRU DOO s ! � DW WKH H[SHQVH RI VWUHQJWKHQLQJ� KRZHYHU� WKH UHTXLUHPHQWV RQ

) � MXVW OLNH LQ 7KHRUHP ���� 7KXV WKH QH[W WKHRUHP LV WR EH FRPSDUHG WR ERWK 7KHRUHPV ��� DQG
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7KHRUHP ��� >0� &V�RUJR̀ DQG +RUYwDWK� ����@ /HW DVVXPSWLRQV L��LLL� RI 7KHRUHP ��� KROG WUXH�

)XUWKHUPRUH� OHW WKH IXQFWLRQ T EH FRQWLQXRXV RQ ��� ��� QRQ�GHFUHDVLQJ RQ D ULJKW�QHLJKERXUKRRG RI

�� QRQ�LQFUHDVLQJ RQ D OHIW�QHLJKERXUKRRG RI �� DQG VXFK WKDW WKH DVVXPSWLRQ ������ LV VDWLVpHG IRU

VRPH s ! �� 7KHQ VWDWHPHQW ������ KROGV WUXH�

7KH UHTXLUHPHQW WKDW DVVXPSWLRQ ������ LQ 7KHRUHP ��� KROGV WUXH IRU VRPH s ! � FDQQRW EH

UHOD[HG� VLQFH WKLV UHTXLUHPHQW LV QHFHVVDU\ DQG VXrFLHQW IRU WKH H[LVWHQFH RI WKH OLPLWLQJ QRQ�

GHJHQHUDWH UDQGRP YDULDEOH VXS
W������ M% TM �FI� &V&V+0� ����� 6KRUDFN DQG :HOOQHU� ����� 0�

&V�RUJR̀� 6KDR DQG 6]\V]NRZLF] >&V6K6]@� ����� 0� &V�RUJR̀ DQG +RUYwDWK� ������

:H DUH QRZ WR JLYH D IHZ UHPDUNV FRQFHUQLQJ WKH VR�FDOOHG pUVW W\SH 9HUYDDW SUREOHP WKDW DLPV

DW GHVFULELQJ WKH DV\PSWRWLF EHKDYLRXU RI LQYHUWHG SURFHVVHV YLD WKH NQRZQ RU DVVXPHG DV\PS�

WRWLF EHKDYLRXU RI WKH RULJLQDO SURFHVVHV� �7KH VHFRQG W\SH 9HUYDDW SUREOHP DLPV DW GHVFULELQJ

WKH DV\PSWRWLF EHKDYLRXU RI LQWHJUDOV RI LQYHUWHG SURFHVVHV VXFK DV� IRU H[DPSOH� WKH SURFHVV 9Q
LQYHVWLJDWHG LQ SUHYLRXV VHFWLRQV� FI� =LWLNLV� ����� IRU D VXUYH\ RQ WKH VXEMHFW�� ,Q JUHDW GHWDLO DQG

ZLWK QXPHURXV H[DPSOHV DQG DSSOLFDWLRQV LQ GLYHUVH pHOGV RI PDWKHPDWLFV DQG WKH PDWKHPDWLFDO

VFLHQFHV� WKH pUVW W\SH 9HUYDDW SUREOHP ZDV LQLWLDWHG DQG LQYHVWLJDWHG E\ 9HUYDDW �����D�E�� :KLWW

������ PDGH IXUWKHU IDU�UHDFKLQJ FRQWULEXWLRQV LQ WKH DUHD� 5DOHVFX DQG 3XUL ������ REWDLQHG� WR

WKH EHVW RI RXU NQRZOHGJH� WKH PRVW FRPSOHWH DQG JHQHUDO VROXWLRQ RI WKH pUVW W\SH 9HUYDDW SURE�

OHP� DQG DFFRPSDQLHG WKHLU VROXWLRQ ZLWK D QXPEHU RI H[DPSOHV RI LPSRUWDQFH LQ GLYHUVH DUHDV RI

3UREDELOLW\ 7KHRU\ DQG 0DWKHPDWLFDO 6WDWLVWLFV�

6LQFH LQYHUWHG SURFHVVHV DUH DW OHDVW DV LPSRUWDQW LQ VWDWLVWLFDO VFLHQFHV DV QRQ�LQYHUWHG RQHV�

WKHUH KDV EHHQ DQ LQFUHDVLQJ LQWHUHVW LQ REWDLQLQJ DV JHQHUDO VROXWLRQV RI WKH pUVW 9HUYDDW SUREOHP

DV SRVVLEOH� 7KH ZRUN E\ 'RVV DQG *LOO ������ LV VRPHWLPHV FRQVLGHUHG DV RQH RI WKH PRVW LPSRUWDQW

FRQWULEXWLRQV LQ WKH DUHD� :KLOH LW LV VXFFLQFW LQ WKHLU FRQWH[W� ZH QRWH WKDW 'RVV DQG *LOO ������

EDVH WKHLU FRQVLGHUDWLRQV LQ JHQHUDO RQ WKHLU UHVXOW ZKLFK VD\V� LQ SDUWLFXODU� WKDW LI WKH GHQVLW\�

TXDQWLOH IXQFWLRQ I r )b� LV

s FRQWLQXRXV RQ WKH FORVHG LQWHUYDO >�� �@�
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KROGV WUXH� +RZHYHU� DV ZH DOUHDG\ LQGLFDWHG DERYH� WKHVH DVVXPSWLRQV WKDW FOHDUO\ \LHOG VWDWHPHQW

������ DUH YHU\ UHVWULFWLYH IRU JHQHUDO XVH� VLQFH WKH\ H[FOXGH DOO GLVWULEXWLRQ IXQFWLRQV ZLWK QRQ�

FRPSDFW VXSSRUWV�

7R FRQFOXGH WKLV VHFWLRQ ZH QRWH WKDW� WR WKH EHVW RI RXU NQRZOHGJH� LW ZDV 6KRUDFN �����E� �FI��

IRU H[DPSOH� 7KHRUHP ��� DERYH� ZKR JDYH WKH pUVW DQG UHPDUNDEO\ JHQHUDO VROXWLRQ RI WKH pUVW

9HUYDDW SUREOHP� DV ZH FDOO WKH SUREOHP QRZDGD\V� 7KHRUHPV ������� DQG ������� DUH H[DPSOHV RI

IXUWKHU GHYHORSPHQWV LQ WKH DUHD DQG JLYH D IDLUO\ H[KDXVWLYH VROXWLRQ WR WKH SUREOHP LQ KDQG�
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,Q WKLV VHFWLRQ ZH SURYH D QXPEHU RI OHPPDV IURP ZKLFK 7KHRUHPV ������� IROORZ� ,Q SDUWLFXODU�
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:H DVVXPH WKURXJKRXW WKLV VHFWLRQ WKDW $VVXPSWLRQ ��� KROGV WUXH� :H DOVR UHFDOO WKDW R
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�FI� WKH IRUPXODWLRQ RI 7KHRUHP ��� IRU FRPSOHWH GHWDLOV��
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KROGV WUXH IRU DOO W � ��� ��rQ@� :H DOVR REVHUYH WKDW� GXH WR $VVXPSWLRQ ���� LI ZH KDYH ��  ��
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>�@ %DKDGXU� 5�5� ������� $ QRWH RQ TXDQWLOHV LQ ODUJH VDPSOHV� $QQ� 0DWK� 6WDWLVW� �� ��������

>�@ %LFNHO� 3�-� ������� 6RPH FRQWULEXWLRQV WR WKH WKHRU\ RI RUGHU VWDWLVWLFV� ,Q� 3URFHHGLQJV RI WKH
)LIWK %HUNHOH\ 6\PSRVLXP RQ 0DWKHPDWLFDO 6WDWLVWLFV DQG 3UREDELOLW\ �(GV�� /�0� /H &DP DQG

-� 1H\PDQ�� 9RO� , 8QLYHUVLW\ RI &DOLIRUQLD 3UHVV� %HUNHOH\ DQG /RV $QJHOHV� SS� ��������

>�@ %LQJKDP� 1�+�� *ROGLH� &�0� DQG 7HXJHOV� -�/� ������ 5HJXODU YDULDWLRQ� (QF\FORSHGLD RI

0DWKHPDWLFV DQG LWV $SSOLFDWLRQV ��� &DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH�

>�@ &KHUQRo� +�� *DVWZLUWK� -�/� DQG -RQHV� 0�9� ������� $V\PSWRWLF GLVWULEXWLRQ RI OLQHDU FRP�

ELQDWLRQV RI IXQFWLRQV RI RUGHU VWDWLVWLFV ZLWK DSSOLFDWLRQV WR HVWLPDWLRQ� $QQ� 0DWK� 6WDWLVW�
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>�@ &VwDNL� (� ������ 7KH ODZ RI WKH LWHUDWHG ORJDULWKP IRU QRUPDOL]HG HPSLULFDO GLVWULEXWLRQ IXQF�

WLRQ� =� :DKUVFK� 9HUZ� *HELHWH� �� ��������

>�@ &VwDNL�(�� &V�RUJR̀� 0�� )�ROGHV� $�� 6KL� =�� DQG =LWLNLV� 5� ������ 2Q WKH SRLQWZLVH DQG VXS�QRUP
DV\PSWRWLFV RI WKH 9HUYDDW HUURU SURFHVV� 7HFK� 5HSRUW 1R� ��� RI WKH /DERUDWRU\ IRU 5HVHDUFK

LQ 6WDWLVWLFV DQG 3UREDELOLW\� &DUOHWRQ 8QLYHUVLW\ DQG 8QLYHUVLW\ RI 2WWDZD� 2WWDZD�

>�@ &V�RUJR̀� 0� ������� 4XDQWLOH 3URFHVVHV ZLWK 6WDWLVWLFDO $SSOLFDWLRQV� 6,$0� 3KLODGHOSKLD� 3$�

>�@ &V�RUJR̀� 0� ������� 4XDQWLOH SURFHVVHV� ,Q� (QF\FORSHGLD RI 6WDWLVWLFDO 6FLHQFHV �(GV�� 6�.RW]�
1�/�-RKQVRQ DQG &�%�5HDG�� 9RO� � :LOH\� 1HZ <RUN� SS� ��������

>�@ &V�RUJR̀� 0�� &V�RUJR̀� 6� DQG +RUYwDWK� /� ������� $Q $V\PSWRWLF 7KHRU\ IRU (PSLULFDO 5HOLDELOLW\
DQG &RQFHQWUDWLRQ 3URFHVVHV� /HFWXUH 1RWHV LQ 6WDWLVWLFV ��� 6SULQJHU 9HUODJ� 1HZ <RUN�

>��@ &V�RUJR̀� 0�� &V�RUJR̀� 6�� +RUYwDWK� /� DQG 0DVRQ� '�0� ������� :HLJKWHG HPSLULFDO DQG TXDQWLOH

SURFHVVHV� $QQ� 3UREDE� �� ������

>��@ &V�RUJR̀� 0�� &V�RUJR̀� 6�� +RUYwDWK /� DQG 5wHYwHV]� 3� ������� 2Q ZHDN DQG VWURQJ DSSUR[LPDWLRQV

RI WKH TXDQWLOH SURFHVV� ,Q� 3URFHHGLQJV RI WKH 6HYHQWK &RQIHUHQFH RQ 3UREDELOLW\ 7KHRU\� �(G�
0� ,RVLIHVFX�� (GLWXUD $FDGHPLHL 5RPADQLD� %XFXUH|VWL� 5RPADQLD� SS� ������

>��@ &V�RUJR̀� 0�� &V�RUJR̀� 6� DQG 0DVRQ� '�0� ������� $SSOLFDWLRQV RI D QHZ DSSUR[LPDWLRQ RI

XQLIRUP HPSLULFDO DQG TXDQWLOH SURFHVVHV� ERRWVWUDSSLQJ HPSLULFDO IXQFWLRQV� 7HFKQLFDO 5HSRUW

6HULHV RI WKH /DERUDWRU\ IRU 5HVHDUFK LQ 6WDWLVWLFV DQG 3UREDELOLW\ ��� &DUOHWRQ 8QLYHUVLW\�

2WWDZD�

>��@ &V�RUJR̀� 0� DQG +RUYwDWK /� ������� 2Q FRQpGHQFH EDQGV IRU WKH TXDQWLOH IXQFWLRQ RI D FRQ�

WLQXRXV GLVWULEXWLRQ IXQFWLRQ� ,Q� &ROO� 0DWK� 6RF� -� %RO\DL �/LPLW 7KHRUHPV RI 3UREDELOLW\

7KHRU\ DQG 6WDWLVWLFV �� 1RUWK�+ROODQG� $PVWHUGDP� SS� �������

>��@ &V�RUJR̀� 0� DQG +RUYwDWK� /� ������� :HLJKWHG $SSUR[LPDWLRQV LQ 3UREDELOLW\ DQG 6WDWLVWLFV�

:LOH\� &KLFKHVWHU�

>��@ &V�RUJR̀� 0�� +RUYwDWK /� DQG .RNRV]ND� 3� ������� $SSUR[LPDWLRQ IRU ERRWVWUDSSHG HPSLULFDO

SURFHVVHV ZLWK DQ DSSOLFDWLRQ WR GHQVLW\ HVWLPDWHV �WR DSSHDU��
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>��@ &V�RUJR̀� 0� DQG 5wHYwHV]� 3� ������� 6WURQJ $SSUR[LPDWLRQV LQ 3UREDELOLW\ DQG 6WDWLVWLFV� $FD�

GHPLF 3UHVV� 1HZ <RUN�

>��@ &V�RUJR̀� 0� DQG 5wHYwHV]� 3� ������� 7ZR DSSURDFKHV WR FRQVWUXFWLQJ VLPXOWDQHRXV ERXQGV IRU

TXDQWLOHV� 3UREDE� DQG 0DWK� 6WDWLVW� � ��������

>��@ &V�RUJR̀� 0�� 6KDR� 4��0� DQG 6]\V]NRZLF]� %� ������� $ QRWH RQ ORFDO DQG JOREDO IXQFWLRQV RI

D :LHQHU SURFHVV DQG VRPH 5wHQ\L�W\SH VWDWLVWLFV� 6WXGLD 6FL� 0DWK� +XQJ� �� ��������

>��@ &V�RUJR̀� 0� DQG 6KL� =� ������ $Q /S�YLHZ RI WKH %DKDGXU�.LHIHU 7KHRUHP� 7HFK� 5HSRUW 1R�
��� RI WKH /DERUDWRU\ IRU 5HVHDUFK LQ 6WDWLVWLFV DQG 3UREDELOLW\� &DUOHWRQ 8QLYHUVLW\ DQG
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>��@ &V�RUJR̀� 0� DQG =LWLNLV� 5� �����E�� ,QWHJUDWHG %DKDGXU�.LHIHU SURFHVVHV DQG WKHLU ODZV RI WKH
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>��@ &V�RUJR̀� 0� DQG =LWLNLV� 5� ������ 2Q WKH *HQHUDO %DKDGXU�.LHIHU� 4XDQWLOH� DQG 9HUYDDW
3URFHVVHV� 2OG DQG 1HZ� 7HFK� 5HSRUW 1R� ��� RI WKH /DERUDWRU\ IRU 5HVHDUFK LQ 6WDWLVWLFV

DQG 3UREDELOLW\� &DUOHWRQ 8QLYHUVLW\ DQG 8QLYHUVLW\ RI 2WWDZD� 2WWDZD� �� SDJHV�

>��@ &V�RUJR̀� 0� DQG =LWLNLV� 5� �����D� 7KH 9HUYDDW SURFHVV LQ /S VSDFHV� 7HFK� 5HSRUW 1R� ��� RI

WKH /DERUDWRU\ IRU 5HVHDUFK LQ 6WDWLVWLFV DQG 3UREDELOLW\� &DUOHWRQ 8QLYHUVLW\ DQG 8QLYHUVLW\

RI 2WWDZD� 2WWDZD� �� SDJHV�

>��@ &V�RUJR̀� 0� DQG =LWLNLV� 5� �����E� 2Q WKH 9HUYDDW DQG 9HUYDDW�HUURU SURFHVVHV� $FWD $SSOL�

FDQGDH 0DWKHPDWLFDH �� �������

>��@ &V�RUJR̀� 6� DQG 0DVRQ� '�0� ������� %RRWVWUDSSLQJ HPSLULFDO IXQFWLRQV� $QQ� 6WDWLVW� �� �����

�����

>��@ 'DYLV� &�(� DQG 6WHLQEHUJ� 6�0� ������� 4XDQWLOH HVWLPDWLRQ� ,Q� (QF\FORSHGLD RI 6WDWLVWLFDO
6FLHQFHV �(GV�� 6�.RW]� 1�/�-RKQVRQ DQG &�%�5HDG�� 9RO� � :LOH\� 1HZ <RUN� SS� ��������

>��@ 'HKHXYHOV� 3� DQG 0DVRQ� '�0� ������� %DKDGXU�.LHIHU�W\SH SURFHVVHV� $QQ� 3UREDE� ��

��������

>��@ 'RQVNHU� 0� ������� -XVWLpFDWLRQ DQG H[WHQVLRQ RI 'RRE
V KHXULVWLF DSSURDFK WR WKH

.ROPRJRURY�6PLUQRY WKHRUHPV� $QQ� 0DWK� 6WDWLVW� �� ��������

>��@ 'RVV� +� DQG *LOO� 5�'� ������� $Q HOHPHQWDU\ DSSURDFK WR ZHDN FRQYHUJHQFH IRU TXDQWLOH

SURFHVVHV� ZLWK DSSOLFDWLRQV WR FHQVRUHG VXUYLYDO GDWD� -� $PHU� 6WDWLVW� $VVRF� �� ��������

>��@ 'UHHV� +� DQG GH +DDQ� /� ������� &RQGLWLRQV IRU TXDQWLOH SURFHVV DSSUR[LPDWLRQV� &RPP�
6WDWLVW�^6WRFK� 0RGHOV �� ��������

>��@ (LQPDKO� -�+�-� DQG 0DVRQ� '�0� ������� 6WURQJ OLPLW WKHRUHPV IRU ZHLJKWHG TXDQWLOH SUR�

FHVVHV� $QQ� 3UREDE� �� ����������

>��@ (XEDQN� 5�/� ������� 4XDQWLOHV� ,Q� (QF\FORSHGLD RI 6WDWLVWLFDO 6FLHQFHV �(GV�� 6�.RW]�

1�/�-RKQVRQ DQG &�%�5HDG�� 9RO� � :LOH\� 1HZ <RUN� SS� ��������

��



>��@ )LQNHOVWHLQ� +�)� ������� 7KH ODZ RI WKH LWHUDWHG ORJDULWKP IRU HPSLULFDO GLVWULEXWLRQV� $QQ�

0DWK� 6WDWLVW� �� ��������

>��@ +H\GH� &�&� ������� 4XDQWLOH WUDQVIRUPDWLRQ PHWKRGV� ,Q� (QF\FORSHGLD RI 6WDWLVWLFDO 6FLHQFHV

�(GV�� 6�.RW]� 1�/�-RKQVRQ DQG &�%�5HDG�� 9RO� � :LOH\� 1HZ <RUN� SS� ��������

>��@ -DPHV� %�5� ������� $ IXQFWLRQDO ODZ RI WKH LWHUDWHG ORJDULWKP IRU ZHLJKWHG HPSLULFDO GLVWUL�

EXWLRQV� $QQ� 3UREDE� � ���^����

>��@ .LHIHU� -� ������� 2Q %DKDGXU
V UHSUHVHQWDWLRQ RI VDPSOH TXDQWLOHV� $QQ� 0DWK� 6WDWLVW� ��

����������

>��@ .LHIHU� -� ������� 'HYLDWLRQV EHWZHHQ WKH VDPSOH TXDQWLOH SURFHVV DQG WKH VDPSOH GI� ,Q�

1RQSDUDPHWULF 7HFKQLTXHV LQ 6WDWLVWLFDO ,QIHUHQFH� �(G� 0� /� 3XUL�� &DPEULGJH 8QLYHUVLW\

3UHVV� &DPEULGJH� SS� ��������

>��@ 3DU]HQ� (� �����D�� 1RQSDUDPHWULF VWDWLVWLFDO GDWD PRGHOLQJ� :LWK FRPPHQWV E\ -RKQ :�

7XNH\� 5R\ (� :HOVFK� :LOOLDP )� (GG\� '�9� /LQGOH\� 0LFKDHO (� 7DUWHU DQG (GZLQ /� &URZ�

DQG D UHMRLQGHU E\ WKH DXWKRU� -� $PHU� 6WDWLVW� $VVRF� �� ��������

>��@ 3DU]HQ� (� �����E�� $ GHQVLW\�TXDQWLOH IXQFWLRQ SHUVSHFWLYH RQ UREXVW HVWLPDWLRQ� ,Q� 3UR�
FHHGLQJV RI D 6HPLQDU RQ 5REXVW (VWLPDWLRQ� �(GV� 5� /DXQHU DQG *� :LONLQVRQ�� $FDGHPLF

3UHVV� 1HZ <RUN�

>��@ 3DU]HQ� (� �����F�� 'HQVLW\ TXDQWLOH HVWLPDWLRQ DSSURDFK WR VWDWLVWLFDO GDWD PRGHOLQJ� ,Q�

6PRRWKLQJ WHFKQLTXHV IRU FXUYH HVWLPDWLRQ� /HFWXUH 1RWHV LQ 0DWKHPDWLFV ��� 6SULQJHU 9HU�

ODJ� %HUOLQ� SS� ��������

>��@ 3DU]HQ� (� ������� 4XDQWLOH IXQFWLRQV� FRQYHUJHQFH LQ TXDQWLOH� DQG H[WUHPH YDOXH GLVWULEXWLRQ

WKHRU\�� 7HFKQLFDO 5HSRUW %��� 6WDWLVWLFDO ,QVWLWXWH� 7H[DV $	0 8QLY�� &ROOHJH 6WDWLRQ� 7H[DV�

>��@ 5DOHVFX� 6� ������� $V\PSWRWLF GHYLDWLRQV EHWZHHQ SHUWXUEHG HPSLULFDO DQG TXDQWLOH SURFHVVHV�

-� 6WDWLVW� 3ODQQ� ,QIHUHQFH �� ��������

>��@ 5DOHVFX� 6� ������� 6WURQJ DSSUR[LPDWLRQ WKHRUHPV IRU WKH LQWHJUDWHG NHUQHO TXDQWLOHV� 0DWK�
HPDWLFDO 0HWKRGV RI 6WDWLVWLFV � ��������

>��@ 5DOHVFX� 6� ������� $ %DKDGXU�.LHIHU ODZ IRU WKH 1DGDUD\D HPSLULF�TXDQWLOH SURFHVVHV� 7KHRU\
3UREDE� $SSO� �� ��������

>��@ 5DOHVFX� 6� DQG 3XUL� 0� ������� :HDN FRQYHUJHQFH RI VHTXHQFHV RI pUVW SDVVDJH SURFHVVHV DQG

DSSOLFDWLRQV� 6WRFKDVWLF 3URFHVV� $SSO� �� ��������

>��@ 6HQHWD� (� ������� )XQFWLRQV RI 5HJXODU 9DULDWLRQ� /HFWXUH 1RWHV LQ 0DWKHPDWLFV ����

6SULQJHU 9HUODJ� 1HZ <RUN�

>��@ 6KL� =� ������� 2Q WKH XQLIRUP %DKDGXU�.LHIHU UHSUHVHQWDWLRQ�0DWKHPDWLFDO 0HWKRGV RI 6WDWLV�
WLFV � ������

>��@ 6KL� =� ������� 3URFHVVXV (PSLULTXHV� 0RXYHPHQW %URZQLHQ HW $SSOLFDWLRQV� 7KvHVH

G
+DELOLWDWLRQ vD 'LULJHU GHV 5HFKHUFKHV� 8QLYHUVLWwH 3LHUUH�HW�0DULH 3DULV 9,� 3DULV�

>��@ 6KRUDFN� *�5� �����D�� )XQFWLRQV RI RUGHU VWDWLVWLFV� $QQ� 0DWK� 6WDWLVW� �� ��������

��



>��@ 6KRUDFN� *�5� �����E�� &RQYHUJHQFH RI TXDQWLOH DQG VSDFLQJV SURFHVVHV ZLWK DSSOLFDWLRQV� $QQ�

0DWK� 6WDWLVW� �� ����������

>��@ 6KRUDFN� *�5� ������� .LHIHU
V WKHRUHP YLD WKH +XQJDULDQ FRQVWUXFWLRQ� =� :DKUVFK� 9HUZ�

*HELHWH �� ��������

>��@ 6KRUDFN� *�5� DQG :HOOQHU� -�$� ������� (PSLULFDO 3URFHVVHV ZLWK $SSOLFDWLRQV WR 6WDWLVWLFV�
:LOH\� 1HZ <RUN�

>��@ 9HUYDDW� :� �����D�� )XQFWLRQDO FHQWUDO OLPLW WKHRUHPV IRU SURFHVVHV ZLWK SRVLWLYH GULIW DQG

WKHLU LQYHUVHV� =� :DKUVFK� 9HUZ� *HELHWH �� ��������

>��@ 9HUYDDW� :� �����E�� 6XFFHVV (SRFKV LQ %HUQRXOOL 7ULDOV� ZLWK $SSOLFDWLRQV WR 1XPEHU 7KHRU\�

0DWKHPDWLFDO &HQWUH 7UDFWV �� �6HFRQG HGLWLRQ LQ ������ 0DWHPDWLVFK &HQWUXP� $PVWHUGDP�

>��@ :HOOQHU� -�$� ������� $ ODZ RI WKH LWHUDWHG ORJDULWKP IRU IXQFWLRQV RI RUGHU VWDWLVWLFV� $QQ�

6WDWLVW� � ��������

>��@ :HOOQHU� -�$� ������� /LPLW WKHRUHPV IRU WKH UDWLR RI WKH HPSLULFDO GLVWULEXWLRQ IXQFWLRQ WR WKH

WUXH GLVWULEXWLRQ IXQFWLRQ� =� : DKUVFK� 9HUZ� *HELHWH �� ������

>��@ :KLWW� :� ������� 6RPH XVHIXO IXQFWLRQV IRU IXQFWLRQDO OLPLW WKHRUHPV� 0DWK� 2SHU� 5HV� �

������

>��@ =LWLNLV� 5� ������� 7KH 9HUYDDW SURFHVV� ,Q� $V\PSWRWLF 0HWKRGV LQ 3UREDELOLW\ DQG 6WDWLVWLFV

^ D 9ROXPH LQ +RQRXU RI 0LNOwRV &V�RUJR̀ �HG� %� 6]\V]NRZLF]� SS� ���^���� (OVHYLHU 6FLHQFH

%�9�� $PVWHUGDP�

��


