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6HW�LQGH[HG VWURQJ VXEPDUWLQJDOHV DQG D IRUP RI SUHGLFWDELOLW\ IRU VHW�LQGH[HG SURFHVVHV DUH

GHpQHG� 8QGHU D QDWXUDO LQWHJUDELOLW\ FRQGLWLRQ� ZH VKRZ WKDW DQ\ VHW�LQGH[HG VWURQJ VXEPDUWLQ�

JDOH FDQ EH GHFRPSRVHG LQ WKH 'RRE�0H\HU VHQVH� $ IRUP RI SUHGLFWDEOH TXDGUDWLF YDULDWLRQ

IRU VTXDUH�LQWHJUDEOH VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV LV GHpQHG DQG VXrFLHQW FRQGLWLRQV IRU

LWV H[LVWHQFH DUH JLYHQ� 8QGHU D FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ� WKHVH UHGXFH WR D VLPSOH

PRPHQW FRQGLWLRQ DQG WKH UHVXOWLQJ TXDGUDWLF YDULDWLRQ DGPLWV GLVFUHWH DSSUR[LPDWLRQV LQ WKH
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$ FRUQHUVWRQH LQ WKH WKHRU\ RI FRQWLQXRXV SDUDPHWHU SURFHVVHV LV WKH 'RRE�0H\HU GHFRPSRVLWLRQ
LQ ZKLFK FRQGLWLRQV DUH JLYHQ HQVXULQJ D VXEPDUWLQJDOH ;  I;W � W � >����J FDQ EH XQLTXHO\
GHFRPSRVHG LQWR WKH VXP RI D PDUWLQJDOH DQG D SUHGLFWDEOH LQFUHDVLQJ SURFHVV� :KHQ DSSOLHG
WR WKH VTXDUH RI D VTXDUH�LQWHJUDEOH PDUWLQJDOH� WKH FRUUHVSRQGLQJ LQFUHDVLQJ SURFHVV� WHUPHG WKH
SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� SOD\V DQ LPSRUWDQW UROH LQ WKH WKHRU\ RI VWRFKDVWLF LQWHJUDWLRQ DQG
PDUWLQJDOH OLPLW WKHRUHPV� 7KH 'RRE�0H\HU GHFRPSRVLWLRQ KDV EHHQ H[WHQGHG E\ VHYHUDO DXWKRUV
WR SURFHVVHV LQGH[HG E\ WKH SRLQWV RI WKH SODQH RU� PRUH JHQHUDOO\� WKH SRLQWV RI D GLUHFWHG VHW� $
FRQVLVH KLVWRU\ RI VXFK UHVXOWV FDQ EH IRXQG LQ WKH LQWURGXFWLRQ RI 'R]]L HW� DO� ������� ,Q WKLV SDSHU
ZH REWDLQ VXFK D GHFRPSRVLWLRQ DQG VWXG\ D IRUP RI TXDGUDWLF YDULDWLRQ IRU WKH FODVV RI VHW�LQGH[HG
VWURQJ VXEPDUWLQJDOHV� VWRFKDVWLF SURFHVVHV LQGH[HG E\ WKH HOHPHQWV RI D VXEFROOHFWLRQ $ RI FORVHG
VXEVHWV RI D p[HG WRSRORJLFDO VSDFH 7 �
7KLV SDSHU KDV pYH VHFWLRQV DQG RQH DSSHQGL[� 6HFWLRQ � EHJLQV ZLWK WKH QHFHVVDU\ FRQGLWLRQV

RQ 7 DQG WKH FODVV $� 7KH DSSURSULDWH FKRLFH RI LQGH[LQJ FROOHFWLRQ $� ZKLFK UHSODFHV WKH XVXDO
SDUDPHWHU VSDFHV >�� �@ RU >�� �@G� LV HVVHQWLDO IRU WKH WKHRU\ WR ZRUN� $OWKRXJK RXU IUDPHZRUN LV
VLPLODU WR WKDW IRXQG LQ PDQ\ HDUOLHU VHW�LQGH[HG SDSHUV� LW LV ZRUWK PHQWLRQLQJ WKDW QRZKHUH GR
ZH UHTXLUH $ WR VDWLVI\ WKH UHVWULFWLYH ?VKDSH SURSHUW\� DQG 7 LV RQO\ UHTXLUHG WR EH PHWUL]DEOH LQ
WKH ODWWHU SDUW RI 6HFWLRQ �� $IWHU GHpQLQJ VHW�LQGH[HG SURFHVVHV ;  �;$�$�$ DQG VHW�LQGH[HG
pOWUDWLRQV �)$�$�$ � DGDSWHG SURFHVVHV DUH GHpQHG WR EH WKRVH IRU ZKLFK;$ LV )$�PHDVXUDEOH �$ �
$� 7KLV VHFWLRQ DOVR FRQWDLQV WKH GHpQLWLRQ DQG H[DPSOHV RI VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV�
,Q 6HFWLRQ �� WKH 'RRE�0H\HU GHFRPSRVLWLRQ IRU VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV LV JLYHQ�

$IWHU GHpQLQJ FODVV �'��e VWURQJ VXEPDUWLQJDOHV_D VHW�LQGH[HG JHQHUDOL]DWLRQ RI FODVV ' FRQWLQ�
XRXV SDUDPHWHU VXEPDUWLQJDOHV_DQG IRUPXODWLQJ D VHW�LQGH[HG FRQFHSW RI SUHGLFWDELOLW\ WHUPHG

�SUHGLFWDELOLW\� WKH VDLG GHFRPSRVLWLRQ LV REWDLQHG LQ WZR SKDVHV� ,Q WKH pUVW� LW LV VKRZQ WKDW
DQ\ FODVV �'��e VWURQJ VXEPDUWLQJDOH ; FDQ EH XQLTXHO\ GHFRPSRVHG LQWR D VXP ;  0 � 9

ZKHUH 9 LV D 
�SUHGLFWDEOH SURFHVV DQG 0 LV D VWURQJ PDUWLQJDOH ?XS WR DGDSWHGQHVV� �7KHRUHP
����� 7KH SURRI� ZKLFK LV HVVHQWLDOO\ WKDW RI 'R]]L HW� DO� ������� \LHOGV GLVFUHWH DSSUR[LPDWLRQV RI
9 LQ WKH ZHDN /��VHQVH� �8QOLNH LWV FRQWLQXRXV SDUDUPHWHU FRXQWHUSDUW� D 
�SUHGLFWDEOH SURFHVV
LV QRW QHFHVVDULO\ DGDSWHG�� ,Q WKH VHFRQG SKDVH� ZH VKRZ WKDW XQGHU D JHQHUDOL]HG IRUP RI WKH
)� FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ RI &DLUROL DQG :DOVK ������� ERWK 0 DQG 9 DUH DGDSWHG
�3URSRVLWLRQ �����
,Q FRQWUDVW WR WKH FODVVLFDO VLWXDWLRQ� WKH VTXDUH RI D VTXDUH�LQWHJUDEOH VHW�LQGH[HG VWURQJ PDU�

WLQJDOH 0 LV QRW QHFHVVDULO\ D VWURQJ VXEPDUWLQJDOH� +HQFH� RQH FDQQRW GHpQH WKH TXDGUDWLF
YDULDWLRQ RI 0 WR EH WKH 
�SUHGLFWDEOH SURFHVV LQ WKH GHFRPSRVLWLRQ RI 0�� ,Q 6HFWLRQ �� E\ IRO�
ORZLQJ WKH LGHDV RI *XVKFKLQ ������� ZH FLUFXPYHQW WKLV VKRUWFRPLQJ WR GHpQH D VXLWDEOH IRUP RI
TXDGUDWLF YDULDWLRQ IRU VHW�LQGH[HG VWURQJ PDUWLQJDOHV WHUPHG 
�SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� D

�SUHGLFWDEOH SURFHVV ZKLFK LV QRW QHFHVVDULO\ DGDSWHG� ,Q 7KHRUHP ���� VXrFLHQW FRQGLWLRQV IRU
WKH H[LVWHQFH RI 
�SUHGLFWDEOH TXDGUDWLF YDULDWLRQ DUH JLYHQ� ,Q DGGLWLRQ� XQGHU WKH JHQHUDOL]HG )�
FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ� LW LV VKRZQ WKDW DQ\ VHW�LQGH[HG VWURQJ PDUWLQJDOH LQ /��r�
VRPH r ! �� KDV D XQLTXH� DGDSWHG 
�SUHGLFWDEOH TXDGUDWLF YDULDWLRQ �3URSRVLWLRQ ����� ,Q ERWK
FDVHV� RXU UHVXOWV \HLOG GLVFUHWH ZHDN /��DSSUR[LPDQWV IRU WKH 
�SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� ,Q
6HFWLRQ �� FRQGLWLRQV DUH JLYHQ XQGHU ZKLFK WKHVH DSSUR[LPDWLRQV FDQ XSJUDGHG WR WKH /��QRUP
VHQVH�
7KH SDSHU FORVHV ZLWK DQ DSSHQGL[ FRQWDLQLQJ FRQVHTXHQFHV RI WKH FRQGLWLRQDO LQGHSHQGHQFH
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DVVXPSWLRQ IRXQG LQ 'R]]L HW� DO� ������� 2QH VXFK FRQVHTXHQFH� D VHW�LQGH[HG 5RVHQWKDO�W\SH
LQHTXDOLW\� LV XVHG H[WHQVLYHO\ LQ 6HFWLRQ ��

� 3 U HOLPLQDU LHV

&HQWUDO WR WKH WKHRU\ LV WKH FKRLFH RI DQ DSSURSULDWH LQGH[LQJ FODVV $� 6LPLODU WR 6ORQRZVN\
DQG ,YDQRo ������� ZH WDNH $ WR EH D FROOHFWLRQ RI FORVHG VXEVHWV RI D p[HG FRPSDFW +DXVGRUo
WRSRORJLFDO VSDFH 7 VXFK WKDW

�D� ��7 � $�

�E� $ LV FORVHG XQGHU FRXQWDEOH LQWHUVHFWLRQV DQG

�F� LI $�% � $ DUH VXFK WKDW $�% � �� WKHQ $?% � ��

0RGXOR REYLRXV PRGLpFDWLRQV� WKH UHVXOWV REWDLQHG LQ WKH VHTXHO ZLOO UHPDLQ YDOLG IRU 7 QRQ�FRPSDFW
SURYLGHG WKHUH H[LVWV DQ LQFUHDVLQJ VHTXHQFH �%Q� RI FRPSDFW VXEVHWV RI 7 VXFK WKDW %Q � $ �Q�
6
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$ FRQVWLWXWHV D VHPLODWWLFH XQGHU $ A %  $ ? %� KHQFH ZH UHIHU WR DQ\ VXEFROOHFWLRQ RI $
ZKLFK LV FORVHG XQGHU LQWHUVHFWLRQ DV D VXE�VHPLODWWLFH RI $� *LYHQ D pQLWH VXE�VHPLODWWLFH $� RI $
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6LQFH $ LV FORVHG XQGHU pQLWH LQWHUVHFWLRQV� DQ\ & � & FDQ EH ZULWWHQ $ Q
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ZKHUH $L �v $M � L � M DQG $L v $ � L� 6XFK UHSUHVHQWDWLRQV DUH WHUPHG PLQLPDO� 2Q WKH RWKHU
KDQG� LQ JHQHUDO� WKH H[LVWHQFH RI PD[LPDO UHSUHVHQWDWLRQV PXVW EH DVVXPHG�
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([DPSOHV RI SURFHVVHV SRVVHVVLQJ VXFK H[WHQVLRQV LQFOXGH SXUHO\ DWRPLF SURFHVVHV DQG SURFHVVHV

LQGH[HG E\ D FODVV $ VDWLVI\LQJ WKH VR�FDOOHG ?VKDSH SURSHUW\� �$ v
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$ v $L�� $ QHFHVVDU\ FRQGLWLRQ IRU VXFK DQ H[WHQVLRQ LV ;�  ��

*LYHQ DQ $�LQGH[HG SURFHVV ; DQG � x S x�� LI ;$ � /S �$ � $ ZH VD\ ; LV LQ /S� )RU WKH

FDVH RI S  �� VXFK DQ ; LV VDLG WR EH LQWHJUDEOH� $Q LQWHJUDEOH SURFHVV ;  I;$ � $ � $J LV VDLG

WR EH DGDSWHG WR �)$� LI ;$ LV )$�PHDVXUDEOH �$ � $� ,Q WKH DEVHQVH RI D PHWULF RQ 7 � ZH GHpQH

ULJKW�FRQWLQXLW\ IRU VHW�LQGH[HG SURFHVVHV DV GRQH LQ 'R]]L HW� DO� �������

'HpQLWLRQ ��� /HW ;  I;$ � $ � $J EH D SURFHVV RQ �n�) � 3 ��

�L� ; LV PRQRWRQH RXWHU�FRQWLQXRXV LI WKHUH LV D VHW n� RI IXOO 3 �PHDVXUH VXFK WKDW �$Q�
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�LY� ; LV LQFUHDVLQJ �ZLWK UHVSHFW WR D pOWUDWLRQ �)$� RQ �n�) � 3�� LI LW LV UDZ LQFUHDVLQJ DQG

DGDSWHG�

%\ D FODVVLF DUJXPHQW �FI� 'R]]L HW� DO� ������� 3URSRVLWLRQ �����

/HPPD ��� /HW ;  �;$�$�$ DQG <  �<$�$�$ EH WZR PRQRWRQH RXWHU�FRQWLQXRXV SURFHVVHV�

,I ; LV D PRGLpFDWLRQ RI < LQ WKH VHQVH WKDW ;$  <$ D�V�� DQ\ JLYHQ $ � $� WKHQ ; DQG < DUH

LQGLVWLQJXLVKDEOH� L�H�� IRU D�H� �� ;$���  <$��� �$ � $�

$SSO\LQJ �$�� DQG ����
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7KH IROORZLQJ WHUPLQRORJ\ pUVW DSSHDUHG LQ ,YDQRo DQG 0HU]EDFK ������ DQG JHQHUDOL]HV WKH
SODQDU VWURQJ VXEPDUWLQJDOHV LQWURGXFHG E\ &DLUROL DQG :DOVK �������

'HpQLWLRQ ��� $Q DGDSWHG LQWHJUDEOH SURFHVV ;  I;$ � $ � $J LV D VWURQJ �VXE�PDUWLQJDOH LI
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&RPPHQWV� ��� 6LQFH � * e&�&�&�X� LV D GHFUHDVLQJ IDPLO\� LI ; LV D VWURQJ �VXE�PDUWLQJDOH� WKH
WRZHU SURSHUW\ DQG WKH pQLWH DGGLWLYLW\ RI ; LPSO\ (>;& M *

e
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��� ([DPSOHV RI VWURQJ PDUWLQJDOHV LQFOXGH SURFHVVHV ZLWK LQGHSHQGHQW LQFUHPHQWV VXFK DV VHW�

LQGH[HG *DXVVLDQ SURFHVVHV DQG� ZKHQ 7  >�� �@G IRU VRPH G � 1� WKH ZHLJKWHG HPSLULFDO SURFHVV
�FI� 6ORQRZVN\ DQG ,YDQRo �������� &OHDUO\� DQ\ LQFUHDVLQJ SURFHVV LV D VWURQJ VXEPDUWLQJDOH�
��� ,Q 'R]]L HW� DO� ������� WZR DGGLWLRQDO QRWLRQV RI VXEPDUWLQJDOH ZHUH LQWURGXFHG� $Q DGDSWHG

LQWHJUDEOH SURFHVV ;  �;$�$�$ ZDV WHUPHG D VHW�LQGH[HG VXEPDUWLQJDOH LI (>;% M)$@ y ;$ IRU
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