
6WURQJ 0 DUWLQJDOHV� 7KHLU ' HFRPSRVLWLRQV DQG 4 XDGUDWLF 9DULDWLRQ

' H D Q 6 OR Q R ZV N\ e

7K H )LH OG V ,Q V W LW X W H

� � � &R OOH J H 6 W U H H W

7R U R Q W R � &$ 1 $ ' $ 0� 7 � -�

G V OR Q R ZV #p H OG V �X W R U R Q W R �F D

-X O\ � � � �

$EVWUDFW

6HW�LQGH[HG VWURQJ VXEPDUWLQJDOHV DQG D IRUP RI SUHGLFWDELOLW\ IRU VHW�LQGH[HG SURFHVVHV DUH

GHpQHG� 8QGHU D QDWXUDO LQWHJUDELOLW\ FRQGLWLRQ� ZH VKRZ WKDW DQ\ VHW�LQGH[HG VWURQJ VXEPDUWLQ�

JDOH FDQ EH GHFRPSRVHG LQ WKH 'RRE�0H\HU VHQVH� $ IRUP RI SUHGLFWDEOH TXDGUDWLF YDULDWLRQ

IRU VTXDUH�LQWHJUDEOH VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV LV GHpQHG DQG VXrFLHQW FRQGLWLRQV IRU

LWV H[LVWHQFH DUH JLYHQ� 8QGHU D FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ� WKHVH UHGXFH WR D VLPSOH

PRPHQW FRQGLWLRQ DQG WKH UHVXOWLQJ TXDGUDWLF YDULDWLRQ DGPLWV GLVFUHWH DSSUR[LPDWLRQV LQ WKH
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.H\ZRUGV DQG 3KUDVHV� VHW�LQGH[HG VWURQJ PDUWLQJDOH� LQFUHDVLQJ SURFHVV� �SUHGLFWDEOLOLW\�

FODVV �'��e� 'RRE�0H\HU GHFRPSRVLWLRQ� TXDGUDWLF YDULDWLRQ� FRQGLWLRQDO LQGHSHQGHQFH� GLVFUHWH
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� , QWU RGXFWLRQ

$ FRUQHUVWRQH LQ WKH WKHRU\ RI FRQWLQXRXV SDUDPHWHU SURFHVVHV LV WKH 'RRE�0H\HU GHFRPSRVLWLRQ
LQ ZKLFK FRQGLWLRQV DUH JLYHQ HQVXULQJ D VXEPDUWLQJDOH ;  I;W � W � >����J FDQ EH XQLTXHO\
GHFRPSRVHG LQWR WKH VXP RI D PDUWLQJDOH DQG D SUHGLFWDEOH LQFUHDVLQJ SURFHVV� :KHQ DSSOLHG
WR WKH VTXDUH RI D VTXDUH�LQWHJUDEOH PDUWLQJDOH� WKH FRUUHVSRQGLQJ LQFUHDVLQJ SURFHVV� WHUPHG WKH
SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� SOD\V DQ LPSRUWDQW UROH LQ WKH WKHRU\ RI VWRFKDVWLF LQWHJUDWLRQ DQG
PDUWLQJDOH OLPLW WKHRUHPV� 7KH 'RRE�0H\HU GHFRPSRVLWLRQ KDV EHHQ H[WHQGHG E\ VHYHUDO DXWKRUV
WR SURFHVVHV LQGH[HG E\ WKH SRLQWV RI WKH SODQH RU� PRUH JHQHUDOO\� WKH SRLQWV RI D GLUHFWHG VHW� $
FRQVLVH KLVWRU\ RI VXFK UHVXOWV FDQ EH IRXQG LQ WKH LQWURGXFWLRQ RI 'R]]L HW� DO� ������� ,Q WKLV SDSHU
ZH REWDLQ VXFK D GHFRPSRVLWLRQ DQG VWXG\ D IRUP RI TXDGUDWLF YDULDWLRQ IRU WKH FODVV RI VHW�LQGH[HG
VWURQJ VXEPDUWLQJDOHV� VWRFKDVWLF SURFHVVHV LQGH[HG E\ WKH HOHPHQWV RI D VXEFROOHFWLRQ $ RI FORVHG
VXEVHWV RI D p[HG WRSRORJLFDO VSDFH 7 �
7KLV SDSHU KDV pYH VHFWLRQV DQG RQH DSSHQGL[� 6HFWLRQ � EHJLQV ZLWK WKH QHFHVVDU\ FRQGLWLRQV

RQ 7 DQG WKH FODVV $� 7KH DSSURSULDWH FKRLFH RI LQGH[LQJ FROOHFWLRQ $� ZKLFK UHSODFHV WKH XVXDO
SDUDPHWHU VSDFHV >�� �@ RU >�� �@G� LV HVVHQWLDO IRU WKH WKHRU\ WR ZRUN� $OWKRXJK RXU IUDPHZRUN LV
VLPLODU WR WKDW IRXQG LQ PDQ\ HDUOLHU VHW�LQGH[HG SDSHUV� LW LV ZRUWK PHQWLRQLQJ WKDW QRZKHUH GR
ZH UHTXLUH $ WR VDWLVI\ WKH UHVWULFWLYH ?VKDSH SURSHUW\� DQG 7 LV RQO\ UHTXLUHG WR EH PHWUL]DEOH LQ
WKH ODWWHU SDUW RI 6HFWLRQ �� $IWHU GHpQLQJ VHW�LQGH[HG SURFHVVHV ;  �;$�$�$ DQG VHW�LQGH[HG
pOWUDWLRQV �)$�$�$ � DGDSWHG SURFHVVHV DUH GHpQHG WR EH WKRVH IRU ZKLFK;$ LV )$�PHDVXUDEOH �$ �
$� 7KLV VHFWLRQ DOVR FRQWDLQV WKH GHpQLWLRQ DQG H[DPSOHV RI VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV�
,Q 6HFWLRQ �� WKH 'RRE�0H\HU GHFRPSRVLWLRQ IRU VHW�LQGH[HG VWURQJ VXEPDUWLQJDOHV LV JLYHQ�

$IWHU GHpQLQJ FODVV �'��e VWURQJ VXEPDUWLQJDOHV_D VHW�LQGH[HG JHQHUDOL]DWLRQ RI FODVV ' FRQWLQ�
XRXV SDUDPHWHU VXEPDUWLQJDOHV_DQG IRUPXODWLQJ D VHW�LQGH[HG FRQFHSW RI SUHGLFWDELOLW\ WHUPHG
�SUHGLFWDELOLW\� WKH VDLG GHFRPSRVLWLRQ LV REWDLQHG LQ WZR SKDVHV� ,Q WKH pUVW� LW LV VKRZQ WKDW
DQ\ FODVV �'��e VWURQJ VXEPDUWLQJDOH ; FDQ EH XQLTXHO\ GHFRPSRVHG LQWR D VXP ;  0 � 9

ZKHUH 9 LV D �SUHGLFWDEOH SURFHVV DQG 0 LV D VWURQJ PDUWLQJDOH ?XS WR DGDSWHGQHVV� �7KHRUHP
����� 7KH SURRI� ZKLFK LV HVVHQWLDOO\ WKDW RI 'R]]L HW� DO� ������� \LHOGV GLVFUHWH DSSUR[LPDWLRQV RI
9 LQ WKH ZHDN /��VHQVH� �8QOLNH LWV FRQWLQXRXV SDUDUPHWHU FRXQWHUSDUW� D �SUHGLFWDEOH SURFHVV
LV QRW QHFHVVDULO\ DGDSWHG�� ,Q WKH VHFRQG SKDVH� ZH VKRZ WKDW XQGHU D JHQHUDOL]HG IRUP RI WKH
)� FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ RI &DLUROL DQG :DOVK ������� ERWK 0 DQG 9 DUH DGDSWHG
�3URSRVLWLRQ �����
,Q FRQWUDVW WR WKH FODVVLFDO VLWXDWLRQ� WKH VTXDUH RI D VTXDUH�LQWHJUDEOH VHW�LQGH[HG VWURQJ PDU�

WLQJDOH 0 LV QRW QHFHVVDULO\ D VWURQJ VXEPDUWLQJDOH� +HQFH� RQH FDQQRW GHpQH WKH TXDGUDWLF
YDULDWLRQ RI 0 WR EH WKH �SUHGLFWDEOH SURFHVV LQ WKH GHFRPSRVLWLRQ RI 0�� ,Q 6HFWLRQ �� E\ IRO�
ORZLQJ WKH LGHDV RI *XVKFKLQ ������� ZH FLUFXPYHQW WKLV VKRUWFRPLQJ WR GHpQH D VXLWDEOH IRUP RI
TXDGUDWLF YDULDWLRQ IRU VHW�LQGH[HG VWURQJ PDUWLQJDOHV WHUPHG �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� D
�SUHGLFWDEOH SURFHVV ZKLFK LV QRW QHFHVVDULO\ DGDSWHG� ,Q 7KHRUHP ���� VXrFLHQW FRQGLWLRQV IRU
WKH H[LVWHQFH RI �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ DUH JLYHQ� ,Q DGGLWLRQ� XQGHU WKH JHQHUDOL]HG )�
FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ� LW LV VKRZQ WKDW DQ\ VHW�LQGH[HG VWURQJ PDUWLQJDOH LQ /��r�
VRPH r ! �� KDV D XQLTXH� DGDSWHG �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ �3URSRVLWLRQ ����� ,Q ERWK
FDVHV� RXU UHVXOWV \HLOG GLVFUHWH ZHDN /��DSSUR[LPDQWV IRU WKH �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ� ,Q
6HFWLRQ �� FRQGLWLRQV DUH JLYHQ XQGHU ZKLFK WKHVH DSSUR[LPDWLRQV FDQ XSJUDGHG WR WKH /��QRUP
VHQVH�
7KH SDSHU FORVHV ZLWK DQ DSSHQGL[ FRQWDLQLQJ FRQVHTXHQFHV RI WKH FRQGLWLRQDO LQGHSHQGHQFH
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DVVXPSWLRQ IRXQG LQ 'R]]L HW� DO� ������� 2QH VXFK FRQVHTXHQFH� D VHW�LQGH[HG 5RVHQWKDO�W\SH
LQHTXDOLW\� LV XVHG H[WHQVLYHO\ LQ 6HFWLRQ ��

� 3 U HOLPLQDU LHV

&HQWUDO WR WKH WKHRU\ LV WKH FKRLFH RI DQ DSSURSULDWH LQGH[LQJ FODVV $� 6LPLODU WR 6ORQRZVN\
DQG ,YDQRo ������� ZH WDNH $ WR EH D FROOHFWLRQ RI FORVHG VXEVHWV RI D p[HG FRPSDFW +DXVGRUo
WRSRORJLFDO VSDFH 7 VXFK WKDW

�D� ��7 � $�

�E� $ LV FORVHG XQGHU FRXQWDEOH LQWHUVHFWLRQV DQG

�F� LI $�% � $ DUH VXFK WKDW $�% � �� WKHQ $?% � ��

0RGXOR REYLRXV PRGLpFDWLRQV� WKH UHVXOWV REWDLQHG LQ WKH VHTXHO ZLOO UHPDLQ YDOLG IRU 7 QRQ�FRPSDFW
SURYLGHG WKHUH H[LVWV DQ LQFUHDVLQJ VHTXHQFH �%Q� RI FRPSDFW VXEVHWV RI 7 VXFK WKDW %Q � $ �Q�
6
Q%Q  7 DQG� JLYHQ DQ\ $ � $� $ v %Q IRU DOO VXrFLHQWO\ ODUJH Q�
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& LV D VHPL�DOJHEUD RI VXEVHWV RI 7 LPSO\LQJ & �X� LV WKH DOJHEUD JHQHUDWHG E\ $� &OHDUO\� $ v &
DQG $�X� v & �X��

$ FRQVWLWXWHV D VHPLODWWLFH XQGHU $ A %  $ ? %� KHQFH ZH UHIHU WR DQ\ VXEFROOHFWLRQ RI $
ZKLFK LV FORVHG XQGHU LQWHUVHFWLRQ DV D VXE�VHPLODWWLFH RI $� *LYHQ D pQLWH VXE�VHPLODWWLFH $� RI $
DQG DQ HOHPHQW $ � $�� WKH OHIW�QHLJKERUKRRG RI $ LQ $� LV WKH VHW &$ � & GHpQHG E\
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6LQFH $ LV FORVHG XQGHU pQLWH LQWHUVHFWLRQV� DQ\ & � & FDQ EH ZULWWHQ $ Q
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ZKHUH $L �v $M � L � M DQG $L v $ � L� 6XFK UHSUHVHQWDWLRQV DUH WHUPHG PLQLPDO� 2Q WKH RWKHU
KDQG� LQ JHQHUDO� WKH H[LVWHQFH RI PD[LPDO UHSUHVHQWDWLRQV PXVW EH DVVXPHG�

$VVXPSWLRQ ��� �([LVWHQFH RI PD[LPDO UHSUHVHQWDWLRQV�� *LYHQ DQ\ &  $ Q % � & �$ � $�
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�������� ([DPSOHV ZLWK 7 QRQ�(XFOLGHDQ DUH JLYHQ LQ 6ORQRZVN\ DQG ,YDQRo �������
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� LQ WKH VHTXHO ZLOO EH VLPLODU WR WKDW RI � LQ WKH FRQWLQXRXV SDUDPHWHU WKHRU\� :LWKRXW
ORVV RI JHQHUDOLW\� ZH FDQ DVVXPH WKDW HYHU\ VXE�VHPLODWWLFH RI $ FRQWDLQV �� DQG 7 EXW QRW ��
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&  )�� IRU & � $�X�� 6LQFH DQ\ pQLWH VXE�VHPLODWWLFH RI $ FDQ EH QXPEHUHG
LQ D PDQQHU FRQVLVWHQW ZLWK WKH VWURQJ SDVW� ��� DQG ��� \LHOG WKH IROORZLQJ UHVXOW�

/HPPD ��� *LYHQ WZR GLVWLQFW HOHPHQWV $ DQG $� RI D pQLWH VXE�VHPLODWWLFH $� RI $� HLWKHU
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& ZKHUH & DQG &� GHQRWH WKH OHIW�QHLJKERUKRRGV RI $ DQG $� LQ $� UHVSHFWLYHO\�

$Q\ FROOHFWLRQ ;  I;$ � $ � $J RI UDQGRP YDULDEOHV RQ �n�) � 3 � LV UHIHUUHG WR DV D VHW�

LQGH[HG SURFHVV� ,Q WKLV SDSHU� ZH RQO\ ZRUN ZLWK SURFHVVHV ; ZKLFK SRVVHVV XQLTXH pQLWHO\ DGGLWLYH

H[WHQVLRQV WR & �X�� L�H�� ;&>'  ;& �;' IRU DQ\ WZR GLVMRLQW VHWV &�' � & �X�� +HQFH� JLYHQ DQ\
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([DPSOHV RI SURFHVVHV SRVVHVVLQJ VXFK H[WHQVLRQV LQFOXGH SXUHO\ DWRPLF SURFHVVHV DQG SURFHVVHV

LQGH[HG E\ D FODVV $ VDWLVI\LQJ WKH VR�FDOOHG ?VKDSH SURSHUW\� �$ v

6Q
L �$L ZLWK $�$L � $ LPSOLHV

$ v $L�� $ QHFHVVDU\ FRQGLWLRQ IRU VXFK DQ H[WHQVLRQ LV ;�  ��

*LYHQ DQ $�LQGH[HG SURFHVV ; DQG � x S x�� LI ;$ � /S �$ � $ ZH VD\ ; LV LQ /S� )RU WKH

FDVH RI S  �� VXFK DQ ; LV VDLG WR EH LQWHJUDEOH� $Q LQWHJUDEOH SURFHVV ;  I;$ � $ � $J LV VDLG

WR EH DGDSWHG WR �)$� LI ;$ LV )$�PHDVXUDEOH �$ � $� ,Q WKH DEVHQVH RI D PHWULF RQ 7 � ZH GHpQH

ULJKW�FRQWLQXLW\ IRU VHW�LQGH[HG SURFHVVHV DV GRQH LQ 'R]]L HW� DO� �������

'HpQLWLRQ ��� /HW ;  I;$ � $ � $J EH D SURFHVV RQ �n�) � 3 ��

�L� ; LV PRQRWRQH RXWHU�FRQWLQXRXV LI WKHUH LV D VHW n� RI IXOO 3 �PHDVXUH VXFK WKDW �$Q�

GHFUHDVLQJ LQ $ LPSOLHV ;�$Q�� ;�
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LQ $� ;�$Q�� ;�
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�LLL� ; LV UDZ LQFUHDVLQJ LI LW LV LQWHJUDEOH� PRQRWRQH RXWHU�FRQWLQXRXV DQG ;& y � D�V�

�& � & �

�LY� ; LV LQFUHDVLQJ �ZLWK UHVSHFW WR D pOWUDWLRQ �)$� RQ �n�) � 3�� LI LW LV UDZ LQFUHDVLQJ DQG

DGDSWHG�

%\ D FODVVLF DUJXPHQW �FI� 'R]]L HW� DO� ������� 3URSRVLWLRQ �����

/HPPD ��� /HW ;  �;$�$�$ DQG <  �<$�$�$ EH WZR PRQRWRQH RXWHU�FRQWLQXRXV SURFHVVHV�

,I ; LV D PRGLpFDWLRQ RI < LQ WKH VHQVH WKDW ;$  <$ D�V�� DQ\ JLYHQ $ � $� WKHQ ; DQG < DUH

LQGLVWLQJXLVKDEOH� L�H�� IRU D�H� �� ;$���  <$��� �$ � $�

$SSO\LQJ �$�� DQG ����

/HPPD ��� ,I ;  �;$�$�$ LV D PRQRWRQH /S�RXWHU�FRQWLQXRXV SURFHVV� WKHQ JLYHQ DQ\ &  

$ Q

6N
L �$L �$�$L � $�� (>M;&Q&Q M

S@ � � DV Q � � ZKHQ ZH WDNH HLWKHU &Q  $ Q
6
N

L �
JQ�$L�

�Q RU &Q  JQ�$� Q
6
N

L �
JQ�$L� �Q�

7KH IROORZLQJ WHUPLQRORJ\ pUVW DSSHDUHG LQ ,YDQRo DQG 0HU]EDFK ������ DQG JHQHUDOL]HV WKH
SODQDU VWURQJ VXEPDUWLQJDOHV LQWURGXFHG E\ &DLUROL DQG :DOVK �������

'HpQLWLRQ ��� $Q DGDSWHG LQWHJUDEOH SURFHVV ;  I;$ � $ � $J LV D VWURQJ �VXE�PDUWLQJDOH LI

(>;& M *
e

& @ �y�  � IRU HYHU\ & � & �

&RPPHQWV� ��� 6LQFH � * e&�&�&�X� LV D GHFUHDVLQJ IDPLO\� LI ; LV D VWURQJ �VXE�PDUWLQJDOH� WKH
WRZHU SURSHUW\ DQG WKH pQLWH DGGLWLYLW\ RI ; LPSO\ (>;& M *

e

& @ �y�  � �& � & �X��
��� ([DPSOHV RI VWURQJ PDUWLQJDOHV LQFOXGH SURFHVVHV ZLWK LQGHSHQGHQW LQFUHPHQWV VXFK DV VHW�

LQGH[HG *DXVVLDQ SURFHVVHV DQG� ZKHQ 7  >�� �@G IRU VRPH G � 1� WKH ZHLJKWHG HPSLULFDO SURFHVV
�FI� 6ORQRZVN\ DQG ,YDQRo �������� &OHDUO\� DQ\ LQFUHDVLQJ SURFHVV LV D VWURQJ VXEPDUWLQJDOH�
��� ,Q 'R]]L HW� DO� ������� WZR DGGLWLRQDO QRWLRQV RI VXEPDUWLQJDOH ZHUH LQWURGXFHG� $Q DGDSWHG

LQWHJUDEOH SURFHVV ;  �;$�$�$ ZDV WHUPHG D VHW�LQGH[HG VXEPDUWLQJDOH LI (>;% M)$@ y ;$ IRU
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IURP WKH FRQWLQXRXV SDUDPHWHU WKHRU\� $ VLPLODU FODVV RI VHW�LQGH[HG SURFHVV ZDV LQWURGXFHG LQ
'R]]L HW� DO� ������ H[FHSW ZLWK WKH VWURQJ SDVW * e

&
UHSODFHG E\ WKH ZHDN SDVW * & �

,Q 7KHRUHP ��� RI 'R]]L HW� DO� ������� LW KDV EHHQ VKRZQ WKDW DQ\ PRQRWRQH /��ULJKW�FRQWLQXRXV

ZHDN VXEPDUWLQJDOH ; VDWLVI\LQJ D FORVH DQDORJXH RI WKH FODVV �'��e SURSHUW\ SRVVHVVHV D XQLTXH

GHFRPSRVLWLRQ;  0�9 ZKHUH0 LV D ZHDN PDUWLQJDOH DQG 9 LV DQ LQFUHDVLQJ SURFHVV SRVVHVVLQJ

D IRUP RI SUHGLFWDELOLW\ VLPLODU WR WKDW IRXQG LQ 'HpQLWLRQ ���� :LWK VRPH PLQRU PRGLpFDWLRQV� E\

UHSODFLQJ ?ZHDN SDVW� DQG ?ZHDN VXEPDUWLQJDOH� E\ ?VWURQJ SDVW� DQG ?VWURQJ VXEPDUWLQJDOH� LQ

WKH SURRI WKHUHRI� ZH REWDLQ

7KHRUHP ��� 8QGHU $VVXPSWLRQV ���� ��� DQG ���� JLYHQ D PRQRWRQH /��ULJKW�FRQWLQXRXV VWURQJ

VXEPDUWLQJDOH ; RI FODVV �'��e� WKHUH H[LVWV SURFHVVHV 0 DQG 9 � ERWK XQLTXH XS WR LQGLVWLQJXLVK�

DEOLW\� VXFK WKDW

�D� ;$  9$ �0$ �$ � $�

�E� 9 LV �SUHGLFWDEOH DQG

�F� (>0& M*
e
& @  � �& � &

�



�0 DQG 9 DUH QRW QHFHVVDULO\ DGDSWHG�� 0RUHRYHU� JLYHQ DQ\ $ � $�

9$  OLPP�� OLPQ��� QyP 9
�Q�

JP�$�
LQ WKH ZHDN /� WRSRORJ\ ���

ZKHUH� JLYHQ DQ\ Q y P DQG % � $P� 9
�Q�
% LV WKH UDQGRP YDULDEOH 9

�Q�
%  

3
'�1 Q� 'v%

(>;' M *
e
'@�

,Q 'R]]L HW� DO� ������� DGDSWHGQHVV RI WKH LQFUHDVLQJ SURFHVV 9 LQ WKH 'RRE�0H\HU GHFRPSRVLWLRQ
IRU VHW�LQGH[HG ZHDN VXEPDUWLQJDOHV IROORZHG DXWRPDWLFDOO\ IURP ���� ��� DQG WKH LQFOXVLRQ * & v
)$� &  $ Q % �$ � $� % � $�X��� :KHUHDV WKH LQFOXVLRQ * e& v )$ LV QRW YDOLG LQ JHQHUDO� ZH
KDYH WKH IROORZLQJ

3URSRVLWLRQ ��� 8QGHU ���� DQG $VVXPSWLRQV ���� ���� $��� $�� DQG $��� WKH SURFHVVHV 9 DQG

0 LQ 7KHRUHP ��� DUH ERWK DGDSWHG WR �)$��

3URRI� *LYHQ D VXE���DOJHEUD * RI ) � OHW /��* � GHQRWH WKH VSDFH RI DOO * �PHDVXUDEOH UDQGRP
YDULDEOHV LQ /�� )L[ $ � $� 6LQFH RXU pOWUDWLRQ LV ULJKW�FRQWLQXRXV DQG VXEVSDFHV RI WKH IRUP /��* �

DUH FORVHG LQ WKH ZHDN /� WRSRORJ\� LW LV VXrFLHQW E\ ��� WR VKRZ 9
�Q�

JP�$�
� /��)JP�$�� IRU HYHU\

Q�P �1 VXFK WKDW Q y P�
7R WKLV HQG� p[ D SDLU Q y P DQG VHOHFW ' � 1 Q VXFK WKDW ' v JP�$�� 6LQFH '  $� Q

6
$���$ Q�$

� �v$�� $�� IRU VRPH $�
� $

Q
� LW PXVW EH WKDW $�

v J
P
�$�� 7KHUHIRUH� VLQFH ��� LPSOLHV ;

'

LV )
$

��PHDVXUDEOH� WKH )
JP�$��PHDVXUDEOLOLW\ RI 9

�Q�
JP�$� IROORZV E\ &RUROODU\ $��� DQG WKH LQFOXVLRQ

)
$

� v )
JP�$�� (

� 7 KH ( [LVWHQFH RI 4XDGU DWLF 9DU LDWLRQ

,Q WKH FRQWLQXRXV SDUDPHWHU WKHRU\� VLQFH WKH VTXDUH RI DQ /� PDUWLQJDOH 0  �0W�W�>���� LV D

FODVV ' VXEPDUWLQJDOH� RQH GHpQHV WKH SUHGLFWDEOH TXDGUDWLF YDULDWLRQ K0L RI 0 WR EH WKH XQLTXH

LQFUHDVLQJ SURFHVV IRU ZKLFK0�bK0L LV D PDUWLQJDOH� ,Q FRQWUDVW� WKH VTXDUH RI D VWURQJ PDUWLQJDOH
0 LQ /� QHHG QRW EH D VWURQJ VXEPDUWLQJDOH �FI� *XVKFKLQ �������� )XUWKHUPRUH� LQ YLHZ RI ����

(>0�
& M*

e

& @ LV QRW QHFHVVDULO\ QRQ�QHJDWLYH IRU HYHU\ & � & � )RU WKHVH UHDVRQV� ZH IROORZ WKH OHDG
RI *XVKFKLQ ������ DQG ZRUN ZLWK WKH FROOHFWLRQ RI I�0&�

� � & � & J RI VTXDUHG LQFUHPHQWV UDWKHU
WKDW WKH FROOHFWLRQ I0�

& � & � & J RI LQFUHPHQWV RI WKH VTXDUH� ,Q WKLV ZD\� ZH REWDLQ WKH IROORZLQJ�

7KHRUHP ��� 8QGHU $VVXPSWLRQV ���� ��� DQG ���� LI 0 LV D VWURQJ PDUWLQJDOH LQ /� IRU ZKLFK

Q;
'� 1 Q

(> �0'�� M * e'@ � Q �1
R

����

LV XQLIRUPO\ LQWHJUDEOH� WKHQ WKHUH H[LVWV D �SUHGLFWDEOH SURFHVV 4� XQLTXH XS WR LQGLVWLQJXLVKDELOLW\�

IRU ZKLFK

(>�0&�
�M* e

& @  (>4& M*
e

& @ �& � & ����

�4 LV QRW QHFHVVDULO\ DGDSWHG�� 0RUHRYHU�

4$  OLPP�� OLPQ��� QyP 4
�Q�

JP�$�
LQ WKH ZHDN /� WRSRORJ\ ����

ZKHUH� JLYHQ DQ\ Q y P DQG% � $P� 4
�Q�

% LV WKH UDQGRP YDULDEOH JLYHQ E\ 4
�Q�

%  
3

'�1 Q� 'v%
(> �0'�� M *

e

'@�

�



&RPPHQWV� ��� 7KH SURFHVV 4 LQ WKH SUHFHGLQJ WKHRUHP UHSUHVHQWV D IRUP RI SUHGLFWDEOH
TXDGUDWLF YDULDWLRQ IRU WKH VHW�LQGH[HG VWURQJ PDUWLQJDOH 0 � +RZHYHU� LW LV LPSRUWDQW WR QRWH
WKDW� XQOLNH WKH FRQWLQXRXV SDUDPHWHU VHWWLQJ�0�b4 LV QRW QHFHVVDULO\ D VWURQJ PDUWLQJDOH� )LUVW�
DV PHQWLRQHG DERYH� 4 LV QRW QHFHVVDULO\ DGDSWHG� 6HFRQGO\� HYHQ LI 4 LV DGDSWHG� ���� GRHV QRW
QHFHVVDULO\ LPSO\ (>�0� b4�& M *

e

& @  � �& � & � 6XFK GLrFXOWLHV DUH XQDYRLGDEOH� HYHQ IRU WKH
FDVH RI WZR�SDUDPHWHU VWURQJ PDUWLQJDOHV �FI� *XVKFKLQ ��������
��� 6LQFH0�

& GRHV QRW FRLQFLGH ZLWK �0&�
� LQ JHQHUDO� ���� LV QRW QHFHVVDULO\ HTXLYDOHQW WR 0�

EHLQJ RI FODVV �'��e�

'HpQH z�0�� � 3
e

�
� >���� E\ VHWWLQJ z�0���) d &�  (> �) �0&�

�
@ IRU DQ\ ) d & � 3 e

� �

�1RWH WKDW z�0�� LV QRW QHFHVVDULO\ WKH DGPLVVLEOH IXQFWLRQ RI WKH SURFHVV 0
�
�� 7KH NH\ VWHS LQ

WKH SURRI RI 7KHRUHP ��� LV WKH IROORZLQJ�

3URSRVLWLRQ ��� 8QGHU $VVXPSWLRQV ��� DQG ���� LI0 LV D VWURQJ PDUWLQJDOH IRU ZKLFK WKH IDPLO\

LQ ���� LV XQLIRUPO\ LQWHJUDEOH� WKHQ z�0�� H[WHQGV WR D XQLTXH PHDVXUH RQ 3 e�

3URRI� $VVXPLQJ z�0�� LV pQLWHO\ DGGLWLYH RQ 3
e

� � WKH H[LVWHQFH RI VXFK DQ H[WHQVLRQ IROORZV

E\ DQ DUJXPHQW LGHQWLFDO WR WKDW RI 7KHRUHP ��� �LLL� LQ 'R]]L HW� DO� ������� ,Q SDUWLFXODU� WKH

XQLIRUP LQWHJUDELOLW\ RI ���� SOD\V WKH UROH RI WKHLU FODVV '�
FRQGLWLRQ ZKLOH WKH PRQRQWRQH /��

RXWHU�FRQWLQXLW\ RI 0 �JXDUDQWHHG E\ /HPPD ���� UHSODFHV /��ULJKW�FRQWLQXLW\� +RZHYHU� XQOLNH

WKH FDVH IRU DGPLVVLEOH IXQFWLRQV� WKH pQLWH DGGLWLYLW\ RI z�0�� RQ 3
e

� LV QR ORQJHU WULYLDO VLQFH

& �� �0&�
�
�& � & �X�� LV QRW QHFHVVDULO\ pQLWHO\ DGGLWLYH RQ & �X�� ,QVWHDG� WDNLQJ GLVMRLQW VHWV

)� d &�� c c c � )Q d &Q LQ 3
e

� VXFK WKDW
6
Q

L �
)L d &L  ) d & � 3

e

�
� ZH DUJXH E\ FDVHV DV GRQH LQ

*XVKFKLQ �������

)LUVW� FRQVLGHU WKH FDVH LQ ZKLFK )  )�  c c c  )Q� 6LQFH ) d &  
6
Q

L �
)L d &L  

) d �
6
Q

L �
&L�� &  

6
Q

L �
&L D GLVMRLQW XQLRQ� WKH pQLWH DGGLWLYLW\ RI 0 LPSOLHV z�0���) d &�  

(>�
) �
3

Q

L �
0&L

��@� ,Q IDFW� z�0���) d &�  (>�)
3

Q

L ��0&L
��@ VLQFH

&ODLP� (>�) 0&L
0&M

@  � � L � M�

3URRI� 7R VLPSOLI\ QRWDWLRQ� WDNH L  � DQG M  �� &OHDUO\� WKHUH H[LVWV D pQLWH VXE�VHPLODWWLFH $�
RI

$ DQG GLVMRLQW OHIW�QHLJKERUKRRGV '�� c c c �'Q JHQHUDWHG E\ HOHPHQWV LQ $
�
VXFK WKDW &�  

6
P

L �'L

DQG &�  
6
U

M P��'M � 6LQFH ) � * e

&
DQG �* e

'
�'�& LV GHFUHDVLQJ� �) LV *

e

'N
�PHDVXUDEOH � � x N x U�

7KHUHIRUH� E\ /HPPD ��� �E�� (>�) 0'L
0'M

@  � � � x L x P DQG P � � x M x U VR WKDW

(>�) 0&�
0&�

@  � IROORZV E\ WKH pQLWH DGGLWLYLW\ RI 0 �

1H[W� FRQVLGHU WKH FDVH LQ ZKLFK DQ\ WZR RI WKH &L DUH HLWKHU GLVMRLQW RU HTXDO� ,I ZH OHW
c�� c c c �cN GHQRWH DOO GLVWLQFW �KHQFH GLVMRLQW� VHWV DPRQJ WKH &L� WKHQ VLQFH ) d&  

6Q
L � )Ld&L�

LW LV FOHDU WKDW )  
6
L �&L c M

)L LV D GLVMRLQW XQLRQ � � x M x N� 7KLV LPSOLHV

Q;

L �

z�0���)L d&L�  
N;

M �

;

L �&L c M

(>�)L
�0c M

��@  
N;

M �

(>�) �0c M
��@

VR WKDW pQLWH DGGLWLYLW\ LQ WKLV FDVH IROORZV E\ WKH SUHYLRXV FDVH�

��



)LQDOO\� OHW ) d &  
6Q
L � )L d &L EH DQ\ GLVMRLQW XQLRQ LQ 3 e

�
� 7KHQ� DV LQ WKH DERYH FODLP�

WKHUH LV D pQLWH VXE�VHPLODWWLFH $�
RI $ VXFK WKDW IRU HDFK � x L x Q� WKHUH H[LVWV GLVMRLQW OHIW�

QHLJKERUKRRGV ' L

�� c c c �'
L

N�L� JHQHUDWHG E\ HOHPHQWV LQ $
�
VXFK WKDW &L  

6 N�L�

N �'
L

N
� 6LQFH �* e

'�'�&

LV D GHFUHDVLQJ IDPLO\� )Ld' L

N
� 3 e

� IRU HYHU\ L DQG N� 7KHUHIRUH� VLQFH ) d&  
6
Q

L �

6N�L�
N � )Ld' L

N

DQG WKH ' L

N
DUH HLWKHU GLVMRLQW RU HTXDO� z;�) d&�  

3
Q

L �

3N�L�

N � z;�)Ld' L

N
�  

3
Q

L � z;�)Ld&L�

ZKHQ ZH DSSO\ WKH VHFRQG DQG pUVW FDVHV UHVSHFWLYHO\� 7KLV FRPSOHWHV WKH SURRI RI pQLWH DGGLWLYLW\

RI z�0�� RQ 3
e

� � (

3URRI RI 7KHRUHP ���� 6LQFH WKH SURRI LV FORVH WR WKDW RI 7KHRUHP ��� LQ 'R]]L HW� DO� ������� ZH

SURYLGH RQO\ D VNHWFK DQG UHIHU WKH UHDGHU WR WKH VDLG SDSHU IRU GHWDLOV� :H EHJLQ E\ FRQVWUXFWLQJ D

SURFHVV 4 LV VXFK D ZD\ WKDW ���� LV VDWLVpHG� 7DNH P �1 DQG VHOHFW $ � $
P� *LYHQ DQ\ ) � ) �

LI ZH GHpQH �$�) �  
5
n d$ < �) �Gz�0�� ZKHUH < LV WKH 7 �LQGH[HG SURFHVV LQ $VVXPSWLRQ ���� LW

FDQ EH VKRZQ WKDW

�$�)�  OLP
Q � �

Q y P

(>�) 4
�Q�
$
@ �

7KHUHIRUH� E\ WKH +DKQ�9LWDOL�6DNV 7KHRUHP� WKHUH H[LVWV D UDQGRP YDULDEOH 4$ � /� VXFK WKDW

�$�)�  (>�) 4$@ �) � ) � L�H�� �4
�Q�
$
�QyP FRQYHUJHV WR 4$ LQ WKH ZHDN /� WRSRORJ\�

$SSO\LQJ WKH DERYH DUJXPHQW WR HDFK $ � $e
 
6
P
$P� ZH REWDLQ D FROOHFWLRQ I4$ � $ � $eJ

RI UDQGRP YDULDEOHV ZKLFK JHQHUDWHV DQ $�LQGH[HG SURFHVV 4 ZKHQ ZH VHW

4
$���  LQI

$
�
� $

e

$ v $
�

4$����  OLP
P
4JP�$����

IRU DQ\ $ � $ DQG � � n� )XUWKHUPRUH� VLQFH WKH DERYH OLPLW LV PRQRWRQH LQ P� 4 LV PRQRQWRQH
RXWHU�FRQWLQXRXV DQG FRQYHUJHQFH LV LQ WKH ZHDN /� WRSRORJ\� )ROORZLQJ 'R]]L HW� DO� ������� VLQFH
0 LV PRQRWRQH /��RXWHU�FRQWLQXRXV �FI� /HPPD ���� LW LV VWUDLJKWIRUZDUG WR VKRZ WKDW 4& y �
�& � & � 7KDW LV� 4  �4$�$�$ LV UDZ LQFUHDVLQJ�
7R HVWDEOLVK �SUHGLFWDEOLOLW\ IRU 4� QRWH WKDW JLYHQ &  $ Q

6
N

L �
$L� LI IRU HDFK P ZH GHpQH

&P  JP�$� Q
6
N

L � JP�$L�� WKHQ JLYHQ DQ\ ) � ) � GRPLQDWHG FRQYHUJHQFH DQG WKH PRQRWRQH
RXWHU�FRQWLQXLW\ RI 4 LPSO\

(>�) 4& @  OLP
P

(>�) 4&P @

 OLP
P

=
n d&P

< �) �Gz�0��

 

=
n d&

< �) �Gz�0�� �

7KHUHIRUH� LW LV VXrFLHQW WR VKRZ z�0��  z4 RQ 3
e
ZKLFK LV LQ IDFW HTXLYDOHQW WR VKRZLQJ

z�0���) d&�  z4�) d &� �) d & � 3 e

� ����

VLQFH 3 e

� LV D }�V\VWHP ZKLFK JHQHUDWHV 3
e
� ���� FOHDUO\ LPSOLHV �����

)L[ ) d& � 3 e

� � ,I &  $Q
6N
L �%L LV D PD[LPDO UHSUHVHQWDWLRQ RI &� WKHQ JLYHQ DQ\ % � $�X�

VXFK WKDW % ? &  �� % v
6N
L �%L v

6N
L � JP�%L� �P VR WKDW % ? &P  � �P� 7KHUHIRUH�

��



) � * e& v * e&P �P� 6LQFH 0 LV PRQRWRQH /��RXWHU�FRQWLQXRXV� WKLV LPSOLHV

(>�) �0&�
�@  OLP

P��
(>�) �0&P�

�@  OLP
P��

OLP
Q � �

Q y P

(>�) 4
�Q�
&P
@

 OLP
P��

(>�) 4&P @  (>�) 4& @

ZKLFK HVWDEOLVKHV �����
7KH DUJXPHQW IRU XQLTXHQHVV RI 4 LV LGHQWLFDO WR WKDW IRXQG LQ WKH SURRI RI 7KHRUHP ��� LQ

'R]]L HW� DO� ������� (

7KHRUHP ��� PRWLYDWHV WKH IROORZLQJ WHUPLQRORJ\�

'HpQLWLRQ ��� *LYHQ D VWURQJ PDUWLQJDOH 0  �0$�$�$ LQ /�� D SURFHVV 4  �4$�$�$ LV

WHUPHG D �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ RI0 LI 4 LV �SUHGLFWDEOH DQG (>�0&�
�M* e& @  (>4& M*

e

& @

�& � & �

&RPPHQWV� ��� %\ D VWUDLJKWIRUZDUG DUJXPHQW� WKH FRQGLWLRQLQJ UHODWLRQ LQ 'HpQLWLRQ ���

H[WHQGV WR DOO & � & �X��
��� $V D FRQVHTXHQFH RI �SUHGLFWDEOLOLW\� D �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ LV XQLTXH LI LW H[�

LVWV� 2QFH DJDLQ� WKH SURRI LV LGHQWLFDO WR WKDW IRXQG LQ 7KHRUHP ��� RI 'R]]L HW� DO� �������

:H FORVH WKH VHFWLRQ ZLWK D VLPSOH PRPHQW FRQGLWLRQ XQGHU ZKLFK D VWURQJ PDUWLQJDOH SRVVHVVHV

DQ DGDSWHG �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ�

3URSRVLWLRQ ��� 8QGHU ���� DQG $VVXPSWLRQV ���� ���� $��� $�� DQG $��� LI 0 LV D VWURQJ PDU�

WLQJDOH LQ /��r IRU VRPH r ! �� WKHQ 0 SRVVHVVHV D XQLTXH �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ 4

ZKLFK LV DGDSWHG WR �)$��

3URRI� %\ /HPPD $���� WKH /��r ��QRUP RI DQ\ HOHPHQW LQ ���� LV ERXQGHG DERYH E\ �x c

(>M07 M
��r
@�
� ���r� � �� x VRPH SRVLWLYH FRQVWDQW GHSHQGLQJ RQO\ RQ r� 7KHUHIRUH� E\ 7KHRUHP

����0 SRVVHVVHV D �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ 4� $GDSWHGQHVV RI 4 IROORZV E\ WKH DUJXPHQW

IRU DGDSWHGQHVV RI 9 LQ 3URSRVLWLRQ ���� (

� /��$SSU R[LPDWLRQV RI 4XDGU DWLF 9DU LDWLRQ

/HW 0  �0$�$�$ EH D VWURQJ PDUWLQJDOH LQ /� VR WKDW XQGHU WKH FRQGLWLRQV LQ 3URSRVLWLRQ ����

0 SRVVHVVHV D XQLTXH �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ 4  �4$�$�$ � ,Q WKLV VHFWLRQ� DVVXPLQJ

WKDW WKH XQGHUO\LQJ FRPSDFW VSDFH 7 LV PHWUL]DEOH� LW ZLOO EH VKRZQ WKDW WKH TXDGUDWLF YDULDWLRQ

4 LV ?FDOFXODEOH� ZKHQHYHU 0 KDV VDPSOH SDWKV ZKLFK DUH FRQWLQXRXV LQ D FHUWDLQ VHQVH� 7KDW LV�

4$ FDQ EH DSSUR[LPDWHG LQ /��QRUP E\ GLVFUHWH VXPV RI WKH IRUP

4
�Q�

JP�$�
 
;

' � 1 Q

' v %

(> �0'�� M * e

'@ �

�7KLV LPSURYHV WKH ZHDN /��DSSUR[LPDWLRQV LQ 7KHRUHP ����� :H EHJLQ ZLWK D XVHIXO /��QRUP
LQHTXDOLW\�

��



3URSRVLWLRQ ��� 8QGHU ���� DQG $VVXPSWLRQV ���� ���� $��� $�� DQG $��� LI 0 LV D VWURQJ PDU�

WLQJDOH LQ /�� WKHQ IRU DQ\ N �1 DQG $ � $N�

qqq4�Q�
$
b4

�P�
$

qqq�
�
x &� c oQ � &� c oP ����

IRU HYHU\ Q�P y N ZKHUH� IRU HDFK U �1�

oU � (

x
PD[
&�1 U

�0&�
�

y
����

DQG &�� &� DUH SRVLWLYH FRQVWDQWV GHSHQGLQJ RQO\ RQ (>0�

7
@�

�""��
3URRI� 7DNH N�P�Q �1 VXFK WKDW P�Q y N� :LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ DVVXPH Q � P

VR WKDW� JLYHQ DQ\ & � 1 Q� WKH LQFOXVLRQ $Q v $P LPSOLHV

(
K
�0&�

�

ppp * e

&

L
 

;
'� � 1 P

'� v &

;
'� � 1 P

'� v &

( >0'�
0'�

M * e

&
@ � ����

)XUWKHUPRUH� E\ /HPPD ��� �D�� JLYHQ DQ\ '� � '� LQ 1 P� ZH PD\ DVVXPH ZLWKRXW ORVV RI
JHQHUDOLW\ WKDW 0'�

LV * e

'�
�PHDVXUDEOH� 7KHUHIRUH� VLQFH * e

& v * e

' IRU DOO ' � 1 P ZLWK ' v &�
D VLPSOH FRQGLWLRQLQJ DUJXPHQW DSSOLHG WR ���� \LHOGV

(

K
�0&�

�

ppp * e

&

L
 

;
' � 1 P

' v &

( > �0'�
� M * e

& @ ����

E\ WKH VWURQJ PDUWLQJDOH SURSHUW\ RI 0 �
1RZ� VHOHFW $ � $N� $SSO\LQJ ���� WR HDFK & � 1 Q IRU ZKLFK & v $�

4
�Q�

$
b4

�P�

$
 
;

& � 1 Q

& v $

;

' � 1 P

' v &

(> �0'�� M * e

& @ b
;

' � 1 P

' v $

(> �0'�� M * e'@ � ����

)RU HDFK ' � 1 P DQG & � 1 Q� GHpQH

G

�&�

'
 (> �0'�

� M * e& @ b (> �0'�
� M * e'@ � ����

6LQFH $Q v $P� WKH GHpQLWLRQ RI OHIW�QHLJKERUKRRG LPSOLHV

>

' � 1
P

' v $

'  

>

& � 1
Q

& v $

>

' � 1
P

' v &

'

VR WKDW ���� EHFRPHV

4
�Q�
$
b4

�P�
$

 

;
& � 1 Q
& v $

;
' � 1 P
' v &

G
�&�
'

�

��



7KHUHIRUH�

t
4

�Q�
$
b4

�P�
$

u�
 

;
& � 1 Q
& v $

;
' � 1 P
' v &

t
G
�&�
'

u�

�

;
& � 1 Q
& v $

;
'�� '� � 1 P

'�� '� v &

'� � '�

G
�&�
'�

c G
�&�
'�

�

;

&�� &� � 1 Q
&�� &� v $

&� � &�

;

'� �'� � 1 P

'
L
v &

L

G
�&��
'�

c G
�&��
'�

� ����

(PSOR\LQJ WKLV H[SDQVLRQ� ZH ZLOO REWDLQ WKH XSSHU ERXQG LQ ���� LQ WKUHH VWHSV� ,Q WKH pUVW VWHS�
ZH GLVSRVH RI WKH ODVW VXP LQ �����

6WHS �� *LYHQ &�� &� � 1 Q VXFK WKDW &� � &� DQG '��'� � 1 P IRU ZKLFK 'L v &L �L  �� ���

(>G
�&��
'�

c G
�&��
'�

@  ��

6HOHFW VXFK VHWV &�� &��'� DQG '�� %\ �����

G
�&��
'�

c G
�&��
'�

 (> �0'�
�� M * e

&�
@ c(> �0'�

�� M * e

&�
@

b (> �0'�
�� M * e

&�
@ c(> �0'�

�� M * e

'�
@

b (> �0'�
�� M * e

'�
@ c(> �0'�

�� M * e&�
@

� (> �0'�
�� M * e

'�
@ c(> �0'�

�� M * e'�
@� ����

$VVXPH &L LV WKH OHIW�QHLJKERUKRRG JHQHUDWHG E\ $L � $Q �L  �� �� DQG OLNHZLVH� DVVXPH 'L LV
WKH OHIW�QHLJKERUKRRG JHQHUDWHG E\ %L � $P �L  �� ��� %\ /HPPD ���� ZH FDQ DVVXPH ZLWKRXW ORVV
RI JHQHUDOLW\ WKDW )$�

v *
e

&�
� 0RUHRYHU� '� v &� LPSOLHV %� v $�� �2WKHUZLVH '�  '�?&�  ��

D FRQWUDGLFWLRQ�� 7KHUHIRUH� VLQFH �)$�$�$ LV LQFUHDVLQJ DQG �*
e

&�&�& LV GHFUHDVLQJ�

)%�
v )$�

v *
e

&�
v *

e

'�
� ����

)XUWKHUPRUH� VLQFH'� LV WKH OHIW�QHLJKERUKRRG RI %�� ��� LPSOLHV �0'�
�� LV )%�

�PHDVXUDEOH� 7KHUH�
IRUH� VLQFH )%�

v )$�
� &RUROODU\ $��� LPSOLHV

(> �0'�
�� M * e&�

@ LV )$�
�PHDVXUDEOH� ����

,Q JHQHUDO� JLYHQ VXE���DOJHEUDV +� DQG +� RI ) DQG UDQGRP YDULDEOHV ;�< � /� VXFK WKDW ;
LV +L �PHDVXUDEOH �L  �� ��� FRQGLWLRQLQJ \LHOGV (>; c(�< M+�� @  (>; c(�< M+�� @� 7KHUHIRUH�
LI ZH WDNH +�  *

e

&�
� +�  *

e

'�
� ;  (> �0'�

�� M * e&�
@ DQG <  �0'�

��� WKHQ ���� DQG ���� LPSO\

(
Q
(> �0'�

�� M * e&�
@ c(> �0'�

�� M * e&�
@
R

 (
Q
(> �0'�

�� M * e&�
@ c(> �0'�

�� M * e'�
@
R

DQG E\ DQ LGHQWLFDO DUJXPHQW�

(
Q
(> �0'�

�� M * e'�
@ c(> �0'�

�� M * e&�
@
R

 (
Q
(> �0'�

�� M * e'�
@ c(> �0'�

�� M * e'�
@
R
�

��



,Q YLHZ RI ����� WKLV FRPSOHWHV WKH SURRI RI 6WHS ��
HVWDEOLVKLQJ 6WHS ��

6WHS �� 7KHUH H[LVWV D SRVLWLYH FRQVWDQW &� GHSHQGLQJ RQO\ RQ (>0�
7
@ VXFK WKDW

;
& � 1 Q
& v $

;

'� �'� � 1 P

'�� '� v &

'� � '�

(

K
G

�&�
'
�

c G
�&�
'�

L
x &� c oQ �

)L[ D VHW & � 1 Q IRU ZKLFK & v $ DQG OHW '��'� � 1 P EH VXFK WKDW '��'� v & DQG '� � '��

6LQFH * e

&
v *

e

'L
�L  �� ��� ZH REWDLQ

(
Q
(> �0'�

�� M * e

&
@ c(> �0'�

�� M * e

'�
@
R

 (
Q
(> �0'�

�� M * e

& @ c(> �0'�
�� M * e

& @
R

ZKHQ ZH FRQGLWLRQ ZLWK UHVSHFW WR * e

& DQG WKHQ DSSO\ WKH WRZHU SURSHUW\�

1RZ� FRQVLGHU ���� ZLWK &�  &�  &� 6LQFH DOO IRXU SURGXFWV LQ ���� DUH QRQ�QHJDWLYH� WKH

SUHYLRXV LGHQWLW\ LPSOLHV

(
K
G
�&�
'�

c G
�&�
'�

L
x (

Q
(> �0'�

�� M * e

'�
@ c(> �0'�

�� M * e

'�
@
R
�

7KHUHIRUH�

;
'��'� � 1 P

'� �'� v &

'� � '�

(

K
G

�&�
'
�

c G
�&�
'�

L
x (

�
���

�
%%#

;
' � 1 P

' v &

(

K
�0'�

�

ppp * e

'

L
�
&&$
�
�
���

x x c(

~K
0�

6
'�1 P� 'v& '�

L
�
�

 x c(
K
�0&�

�

L
ZKHUH x LV WKH XQLYHUVDO FRQVWDQW LQ /HPPD $���� )XUWKHUPRUH� E\ +�ROGHU
V LQHTXDOLW\�

(

Q;
�0&�

�

R
 (

QK
VXS �0&�

�

L
c
K;

�0&�
�

LR

x

T
( > VXS �0&��@ c

V
(

~K;
�0&��

L��
����

ZKHUH DOO VXPV DQG VXSUHPXPV UDQJH RYHU WKH VHWV & � 1 Q� 6LQFH /HPPD ���� LPSOLHV

(

~K;
&�1 Q

�0&�
�

L��
x x

�
c

T
(>0�

7 @ ����

IRU VRPH XQLYHUVDO FRQVWDQW x� ! �� 6WHS � LV FRPSOHWHG E\ WDNLQJ &�  x c x
� c

T
(>0�

7 @�

��



6WHS �� 7KHUH H[LVWV D SRVLWLYH FRQVWDQW &� GHSHQGLQJ RQO\ RQ (>0�

7 @ VXFK WKDW

;
& � 1 Q

& v $

;

' � 1 P

' v &

(

x t
G

�&�
'

u� y
x &� c oP�

*LYHQ DQ\ & � 1 Q ZLWK & v $ DQG DQ\ ' � 1 Q ZLWK ' v &�

(

xt
G
�&�
'

u� y
 (

~t
(> �0'�

� M * e

& @b(> �0'�
�
M *

e

'@
u
�
�

x (
t
(> �0'�

�
M *

e

& @
�
u

� (
t
(> �0'�

�
M *

e

'@
�
u

x � c(
K
�0'�

�
L

�E\ -HQVHQ
V LQHTXDOLW\��

�7KH VHFRQG WR ODVW OLQH IROORZV IURP WKH GHWHUPLQLVWLF LQHTXDOLW\ �Db E�� x D�� E� ZKHUH D� E y ���
7KHUHIRUH� ;

& � 1 Q

& v $

;

' � 1 P
' v &

(

xt
G

�&�
'

u� y
x � c

;
'� 1 P

(

K
�0'�

�
L

����

VR WKDW 6WHS �� DQG KHQFH WKH SURRI RI 3URSRVLWLRQ ���� IROORZV IURP ���� DQG ���� ZLWK 1 P LQ SODFH
RI 1 Q� (

7KH IROORZLQJ DVVXPSWLRQ RQ $ ZLOO EH UHTXLUHG LQ WKH VHTXHO�

$VVXPSWLRQ ��� 7KHUH H[LVWV D XQLYHUVDO FRQVWDQW . VXFK WKDW� JLYHQ DQ\ Q � 1 DQG $ � $Q�

WKHUH LV D VXEFROOHFWLRQ I$�� c c c � $NJ v $Q ZLWK N x . VXFK WKDW

�L�
6
N

L �$L  
6
I$� � $Q � $

� ~ $J�

�LL� L � M LPSOLHV $L �v $M DQG

�LLL� LI $� � $Q LV VXFK WKDW $
� ~ $� WKHQ WKHUH H[LVWV � x M x N VXFK WKDW $� v $M �

�&OHDUO\� WKH VHW $ Q
6
N

L �$L � & Q LV D PLQLPDO UHSUHVHQWDWLRQ RI WKH OHIW�QHLJKERUKRRG JHQHUDWHG

E\ $ LQ $Q��

([DPSOHV VDWLVI\LQJ $VVXPSWLRQ ��� LQFOXGH WKH ORZHU UHFWDQJOHV DQG WKH ORZHU OD\HUV LQ >�� �@G�

,Q ERWK� ZH FDQ WDNH .  G�

/HPPD ��� 'HpQH$e  
6
Q
$Q DQG OHW0 EH DQ$�LQGH[HG VWURQJ PDUWLQJDOH IRU ZKLFK VXS

$�$ e0$ �

/�
� 8QGHU $VVXPSWLRQ ��� DQG WKRVH LQ 3URSRVLWLRQ ���� LI PD[ &� 1 Q M0& M �3 � DV Q��� WKHQ

WKH VHTXHQFH �oQ� GHpQHG LQ ���� FRQYHUJHV WR ]HUR�

3URRI� %\ WKH GRPLQDWHG FRQYHUJHQFH WKHRUHP� LW LV VXrFLHQW WR VKRZ WKDW� IRU HDFK Q�

PD[&� 1 Q M0& M x p c
b
VXS$�$ e0 �

$

c
IRU VRPH XQLYHUVDO FRQVWDQW p ! �� 7R WKLV HQG� p[ Q � 1�

*LYHQ & � 1 Q� WKHUH H[LVWV $ � $Q VXFK WKDW & LV WKH OHIW�QHLJKERUKRRG JHQHUDWHG E\ $ LQ $Q� ,I

$ Q
6N
L �$L LV WKH PLQLPDO UHSUHVHQWDWLRQ RI & GHVFULEHG LQ $VVXPSWLRQ ��� WKHQ E\ ����

M0& M x
;

,vI��ccc�NJ

M0�$?
7

L�,$L�M x �
.
c � VXS%�$ e0% �

��



VR WKDW WKH OHPPD IROORZV E\ WDNLQJ p  ��. � (

&RPELQLQJ /HPPD ��� DQG 3URSRVLWLRQ ����

&RUROODU\ ��� ,I 0 LV DV GHVFULEHG LQ /HPPD ���� WKHQ XQGHU ���� DQG $VVXPSWLRQV ���� ���� ����

$��� $�� DQG $��� I4
�Q�
JP�$� � Q y PJ LV &DXFK\ LQ /� IRU DQ\ p[HG P �1 DQG $ � $�

1RZ� DVVXPH 7 LV PHWUL]HG E\ D PHWULF G� $V GRQH LQ YDULRXV SDSHUV �IRU H[DPSOH� FI� ,YDQRo

DQG 0HU]EDFK �������� ZH GHpQH WKH +DXVGRUo PHWULF EHWZHHQ DQ\ WZR FORVHG VHWV� $�% � $ E\
G+�$�%�  LQIIs ! � � $ v %s DQG % v $sJ ZKHUH $s  I[ � 7 � G�[�$� � sJ� $ SURFHVV
;  �;$�$�$ ZLOO EH WHUPHG VDPSOH SDWK FRQWLQXRXV LI� RQ VRPH HYHQW RI IXOO 3 �PHDVXUH� DOO

VDPSOH SDWKV $ �� ;$ DUH G+�FRQWLQXRXV RQ $�

,Q RUGHU WR DSSO\ &RUROODU\ ��� WR REWDLQ /��QRUP DSSUR[LPDWLRQV RI WKH �SUHGLFWDEOH TXDGUDWLF

YDULDWLRQ RI D VDPSOH SDWK FRQWLQXRXV VWURQJ PDUWLQJDOH� LW LV QHFHVVDU\ WKDW PD[&� 1 Q M;& M�3 �

IRU VDPSOH SDWK FRQWLQXRXV SURFHVVHV ; � )RU WKLV� ZH QHHG WKH IROORZLQJ DVVXPSWLRQ ZKLFK ZH

FRQMHFWXUH LV D FRQVHTXHQFH RI WKH FRPSDFWQHVV RI 7 � ,Q DQ\ FDVH� LW LV VDWLVpHG E\ DOO NQRZQ

H[DPSOHV�

$VVXPSWLRQ ��� �8QLIRUP $SSUR[LPDWLRQV�� 7KHUH H[LVWV D VHTXHQFH �sQ� RI SRVLWLYH FRQVWDQWV

ZLWK sQ � � VXFK WKDW� JLYHQ DQ\ Q� G+�$� JQ�$�� x sQ IRU HYHU\ $ � $�

&RPPHQW� ,W KDV EHHQ VKRZQ LQ 6ORQRZVN\ ������ WKDW DQ\ FODVV $ VDWLVI\LQJ $VVXPSWLRQV ���

DQG ��� LV FRPSDFW ZLWK UHVSHFW WR WKH +DXVGRUo PHWULF�

8QGHU $VVXPSWLRQV ��� DQG ����

/HPPD ��� *LYHQ Q DQG $ � $Q� LI I$�� c c c � $NJ LV D VXEFROOHFWLRQ RI $Q VDWLVI\LQJ WKH FRQGLWLRQV

RI $VVXPSWLRQ ���� WKHQ G+�
7

L�, $L�
7

M�- $M� x � sQ IRU DQ\ ,� - v I�� c c c � NJ ZKHUH �sQ� LV DV

GHpQHG LQ $VVXPSWLRQ ��� DQG� E\ FRQYHQWLRQ� ZH GHpQH
7

L��$L  $�

3URRI� )LUVW� QRWH WKDW $ v JQ�$L� IRU HYHU\ � x L x N� ,QGHHG� LI $ �v JQ�$L�� IRU VRPH
� x L� x N� WKHQ JQ�$L�� ? $ ~ $� ,Q DGGLWLRQ� E\ �$�� RI $VVXPSWLRQ ���� $L� ~ $ LPSOLHV
$L� ~ JQ�$L�� ? $� ,I ZH GHpQH $�  JQ�$L�� ? $ � $Q� WKHQ� VLQFH $� ~ $� FRQGLWLRQ �LLL� RI
$VVXPSWLRQ ��� LPSOLHV $� v $M� IRU VRPH � x M� x N VR WKDW $L� ~ $M� � FRQWUDGLFWLQJ FRQGLWLRQ
�L� RI $VVXPSWLRQ ����
1H[W� WDNH , v I�� c c c � NJ� 6LQFH JQ SUHVHUYHV pQLWH LQWHUVHFWLRQV�

$ v JQ �
7

L�, $L� v �
7

L�, $L�
sQ

ZKHQ ZH DSSO\ WKH DERYH REVHUYDWLRQ DQG $VVXPSWLRQ ��� LQ WKDW RUGHU� 6LQFH
7

L�,
$L v $� WKLV

LPSOLHV G+�$�
7

L�, $L� x sQ VR WKDW WKH SUHVHQW OHPPD IROORZV E\ WKH WULDQJOH LQHTXDOLW\� (

/HPPD ��� ,I ;  �;$�$� $ LV D VDPSOH SDWK FRQWLQXRXV SURFHVV� WKHQ XQGHU $VVXPSWLRQV ���

DQG ���� PD[ &� 1 Q M;& M�3 ��

��



3URRI� *LYHQ D G+ �FRQWLQXRXV VHW�IXQFWLRQ [ � $�5� GHpQH WKH PRGXOXV RI FRQWLQXLW\� Z�[� s�

RI [ �s ! �� E\ Z�[� s�  VXSIM[�$�b [�%�M � G+�$�%� x s� $�% � $J� 6LQFH �$� G+� LV FRPSDFW�
[ LV XQLIRUPO\ G+ �FRQWLQXRXV RQ $ VR WKDW OLP s�� Z�[� s�  �� ,Q SDUWLFXODU� OLP s�� Z�;� s�  �

D�H�

1RZ� p[ Q � 1 DQG VHOHFW & � 1 Q� WKH OHIW�QHLJKERUKRRG RI D VHW $ � $Q� /HW $ Q
6N
L �$L EH

WKH PLQLPDO UHSUHVHQWDWLRQ RI & GHVFULEHG LQ $VVXPSWLRQ ���� ,I ZH GHpQH

(  I, v I�� c c cNJ � M, M LV HYHQJ DQG 2  I, v I�� c c cNJ � M,M LV RGGJ �

WKHQ E\ WKH ELQRPLDO WKHRUHP� WKHUH LV D ELMHFWLRQ I � ( � 2� &OHDUO\� M(M x �. ZKHUH . LV WKH

XQLYHUVDO FRQVWDQW GHpQHG LQ $VVXPSWLRQ ���� 7KHUHIRUH� E\ /HPPD ����

M;& M x
;

,� (

ppp;�$ ?
7

L�,$L� b ;�$ ?
7

M�I�,�$M�
ppp x �. cZ �;� � sQ� �

7DNLQJ WKH PD[LPXP RYHU DOO & � 1 Q DQG WKHQ OHWWLQJ Q��� WKH SURRI LV FRPSOHWH� (

7KH PDLQ UHVXOW RI WKH VHFWLRQ LV WKH IROORZLQJ�

7KHRUHP ��� /HW 0 EH D VWURQJ PDUWLQJDOH IRU ZKLFK VXS$�$ e0 �

$ � /�� 8QGHU ���� DQG $V�

VXPSWLRQV ���� ���� ���� ���� $��� $�� DQG $��� LI 0 LV VDPSOH SDWK FRQWLQXRXV� WKHQ IRU HYHU\

$ � $�

4$  OLPP�� OLPQ��� QyP 4
�Q�

JP�$�
LQ /� ����

ZKHUH 4 LV WKH XQLTXH �SUHGLFWDEOH TXDGUDWLF YDULDWLRQ RI0 DQG4
�Q�

JP�$�
 
3
'�1 Q� 'vJP�$� (>�0'�

�M* e'@�

3URRI� )L[ $ � $� %\ 3URSRVLWLRQ ��� DQG 7KHRUHP ����

OLP
P
4JP�$�  4$ LQ WKH ZHDN /� WRSRORJ\ ����

ZKHUH IRU HYHU\ P �1�

4
JP�$�  OLP

Q
4

�Q�
JP�$� LQ WKH ZHDN /� WRSRORJ\ � ����

%\ WKH FRPSOHWHQHVV RI /� DQG &RUROODU\ ���� WKH FRQYHUJHQFH LQ ���� LV DOVR LQ /��QRUP� 7R

HVWDEOLVK /��QRUP FRQYHUJHQFH LQ ����� LW LV VXrFLHQW WR VKRZ �4JP�$��P LV &DXFK\ LQ /��

7RZDUG WKLV JRDO� QRWH WKDW

qqq4�Q�
J
N
�$� b4

�Q�
JP�$�

qqq
�
x q c

qqq0J
N
�$� b0JP�$�

qqq
�

�
����

IRU DQ\ N�P� Q � 1 ZLWK N�P x Q ZKHUH q LV D SRVLWLYH FRQVWDQW GHSHQGLQJ RQO\ RQ (
d
0�
7

e
�

,QGHHG� DVVXPLQJ N x P� VLQFH JN�$�� JP�$� � $Q DQG JP�$� v JN�$��

4
�Q�
J
N
�$� b4

�Q�
JP�$�  

;

& � 1 Q

& v J
N
� $ �

(

K
�0&�� M * e

&

L
b

;
& � 1 Q

& v JP � $ �

(

K
�0&�

� M * e

&

L

 
;

& � 1 Q

& v J
N
� $ � Q JP � $ �

(

K
�0&�� M * e

&

L

��



VR WKDW /HPPD $��� LPSOLHV WKH H[LVWHQFH RI D SRVLWLYH FRQVWDQW x GHSHQGLQJ RQO\ RQ (
d
0

�

7

e
VXFK

WKDW

qqq4�Q�

JN�$�
b4

�Q�

JP�$�

qqq�
�

x x c N0 �
6
I& � & Q � & v JN�$� Q JP�$�J �N

�
�

 x c
qqq0JN�$�QJP�$�

qqq�
�
�

1RZ� WR VKRZ WKDW �4JP�$��P LV &DXFK\ LQ /�� p[ s ! �� *LYHQ DQ\ N�P� Q �1�

qqq4JN�$� b4JP�$�

qqq
�

x
qqq4JN�$� b4

�Q�

JN�$�

qqq
�
�

qqq4�Q�

JN�$�
b4

�Q�

JP�$�

qqq
�
�

qqq4�Q�

JP�$�
b4JP�$�

qqq
�
� ����

6LQFH0 LV VDPSOH SDWK FRQWLQXRXV� 0JP�$� �0$ LQ /� E\ GRPLQDWHG FRQYHUJHQFH� 7KHUHIRUH� E\

����� WKHUH LV DQ / VXFK WKDW N4
�Q�

JN�$�
b4

�Q�

JP�$�
N
�
x s � ZKHQHYHU Q y N�P DQG N�P y /� 0RUHRYHU�

JLYHQ DQ\ SDLU N�P y /� VLQFH WKH FRQYHUJHQFH LQ ���� ZDV VKRZQ WR EH LQ /��QRUP� ERWK RI WKH

UHPDLQLQJ VXPPDQGV LQ ���� FDQ EH PDGH OHVV WKDQ s � E\ FKRVLQJ VXFK DQ Q VXrFLHQWO\ ODUJH�

7KLV FRPSOHWHV WKH SURRI� (

$ &RQVHTXHQFHV RI &RQGLWLRQDO , QGHSHQGHQFH

,Q WKLV VHFWLRQ� XQGHU WKH FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ�

(>(�; M)$�M)% @  (>;M)$?% @ �$�% � $� ; � /� ����

ZH ZLOO HVWDEOLVK� DPRQJ RWKHU WKLQJV� D VHW�LQGH[HG JHQHUDOL]DWLRQ RI 5RVHQWKDO
V VTXDUH IXQFWLRQ

LQHTXDOLW\� ���� KDV DSSHDUHG HDUOLHU LQ 'R]]L HW� DO� ������ DQG UHGXFHV WR WKH FODVVLF )� SURSHUW\

RI &DLUROL DQG :DOVK ������ ZKHQ $ LV WKH FROOHFWLRQ RI ORZHU UHFWDQJOHV LQ >�� �@�� ,Q JHQHUDO� DQ\

pOWUDWLRQ JHQHUDWHG E\ D SURFHVV ;  �;$�$�$ ZLWK LQGHSHQGHQW LQFUHPHQWV �H�J�� DQ $�LQGH[HG
*DXVVLDQ SURFHVV� ZLOO VDWLVI\ ����� 8QGHU �����

7
Q

L � )$L
 )?

Q

L �
$L

����

IRU DQ\ $�� c c c � $Q � $ �FI� 'R]]L HW� DO� ������� /HPPD �����

$QRWKHU IRUP RI FRQGLWLRQDO LQGHSHQGHQFH DSSHDULQJ LQ WKH OLWHUDWXUH VWDWHV WKDW VXE���DOJHEUDV

)� DQG )� RI ) DUH FRQGLWLRQDOO\ LQGHSHQGHQW RI D WKLUG VXE���DOJHEUD )� LI� JLYHQ ) L�PHDVXUDEOH

UDQGRP YDULDEOHV ;L� L  �� ��

(>;�;� M )�@  (>;� M )�@ c(>;� M )�@ � ����

,Q VXFK D FDVH� ZH ZULWH ?)� " )� JLYHQ )��� &OHDUO\� LW LV VXrFLHQW WR WHVW ���� IRU WKH FDVH LQ

ZKLFK ;L  �)L
� )L � ) L �L  �� ��� 7KH UHODWLRQ EHWZHHQ ���� DQG ���� LV DV IROORZV�

/HPPD $�� 8QGHU ����� IRU DQ\ $��$� � $� )$�
" )$�

JLYHQ )$�?$�
�

��



3URRI� 7DNLQJ ;L  �)L
� )L � )$L

�L  �� ��� ���� LPSOLHV

(>;�;� M )$�?$�
@  (>(�;�;� M )$�

� M )$�
@  (>;�(�;� M )$�

� M )$�
@�

)XUWKHUPRUH� VLQFH )L � )$L
� ���� LPSOLHV(>;� M )$�

@  (>;� M )$�?$�
@ DQG(>;� M )$�

@  (>;� M )$�?$�
@

VR WKDW

(>;�(�;� M )$�
� M )$�

@  (>;� M )$�?$�
@ c(>;� M )$�

@

 (>;� M )$�?$�
@ c(>;� M )$�?$�

@

ZKLFK FRPSOHWHV WKH SURRI� (

7KH IROORZLQJ FKDUDFWHUL]DWLRQ RI FRQGLWLRQDO LQGHSHQGHQFH FDQ EH IRXQG RQ S����,, RI 'HOODFKHULH
0H\HU �������

/HPPD $�� ,I )�� )� DQG )� DUH VXE���DOJHEUDV RI )� WKHQ )� " )� JLYHQ )� LI DQG RQO\ LI

(>; M )�@  (>; M )� B )�@ IRU DOO )��PHDVXUDEOH ; � /��

:H ZLOO PDNH UHSHDWHG XVH RI WKH IROORZLQJ WHFKQLFDO UHVXOWV�

/HPPD $�� /HW )��)��)�� * � * � DQG * � EH VXE���DOJHEUDV RI )�

�D� ,I )� " )� JLYHQ )�� WKHQ )� " )� JLYHQ )�� ,I� LQ DGGLWLRQ� * L v ) L �L  �� ��� WKHQ

* � " * � JLYHQ )��

�E� ,I )� " )� JLYHQ )�� WKHQ �)�B)�� " �)�B)�� JLYHQ )�� ,I� LQ DGGLWLRQ� * v )�B)��

WKHQ )� " )� JLYHQ )� B * �

3URRI� �D� IROORZV E\ GHpQLWLRQ ZKHUHDV �E� LV D VSHFLDO FDVH RI /HPPD ��� LQ &DUQDO DQG :DOVK
������� (

/HPPD $�� /HW )��)�� * DQG + EH VXE���DOJHEUDV RI )� ,I )� " )� JLYHQ + DQG * v )�� WKHQ

�)� B * � " )� JLYHQ +B * �

3URRI� 6LQFH * v )� B)� DQG )� " )� JLYHQ +� /HPPD $�� �E� LPSOLHV )� " )� JLYHQ +B *

DQG WKXV �)� B+ B * � " �)� B+ B * � JLYHQ +B * � 7KHUHIRUH� E\ /HPPD $�� �D�� �)� B * � " )�
JLYHQ +B * � (

,Q WKH VHTXHO� ZH ZLOO UHTXLUH WKUHH DVVXPSWLRQV DSDUW IURP ����� 7KH pUVW FRQFHUQV $ DQG LV
VDWLVpHG E\ DOO H[DPSOHV ZH KDYH LQ PLQG�

$VVXPSWLRQ $�� 7KHUH H[LVWV D ELQDU\ RSHUDWLRQ B RQ $ VXFK WKDW $ LV D GLVWULEXWLYH ODWWLFH
XQGHU B DQG A  ?�

$VVXPSWLRQ $�� ,I $ v
6
Q

L �
$L �$�$L � $�� WKHQ )$ v

:
Q

L �
)$L

�

��



7ULYLDOO\� LI $  
6
Q

L �
$L� $L � $� $VVXPSWLRQ $�� LPSOLHV )$  

:
Q

L �
)$L

� ,I $ VDWLVpHV WKH

VKDSH SURSHUW\� WKHQ DQ\ $�LQGH[HG pOWUDWLRQ DXWRPDWLFDOO\ VDWLVpHV $VVXPSWLRQ $��� 0RUHRYHU�

IRU DQ\ SURFHVV ;  �;$�$� $ � WKH IDPLO\ �+$�$�$ ZKHUH +$  ��I;% � % � $ � % v $J� FDQ EH

HDVLO\ VKRZQ WR VDWLVI\ $VVXPSWLRQ $���

2XU pQDO VXSSOLPHQWDU\ DVVXPSWLRQ FRPSOHPHQWV $VVXPSWLRQ ���� ([DPSOHV IRU ZKLFK LW LV

VDWLVpHG LQFOXGH ERWK WKH ORZHU UHFWDQJOHV DQG WKH ORZHU OD\HUV LQ >�� �@��

$VVXPSWLRQ $�� *LYHQ DQ\ &  $ Q
6
Q

L �
$L � & �$�$L � $�� WKHUH H[LVWV D PD[LPDO UHSUHVHQ�

WDWLRQ $ Q
6
P

L �
%L RI & VXFK WKDW %L ?%M v $ � L � M�

7KH NH\ LPSOLFDWLRQ RI ���� LV WKH IROORZLQJ�

/HPPD $�� 8QGHU ���� DQG $VVXPSWLRQ $��� LI $� $�� c c c �$Q � $ DUH VXFK WKDW $L ? $M v $

� L � M� WKHQ (>; M

:
Q

L �)$L
@  (>; M

:
Q

L �)$?$L
@ IRU HYHU\ )$�PHDVXUDEOH UDQGRP YDULDEOH ; � /��

3URRI� 6LQFH B LV GLVWULEXWLYH RYHU ? DQG $� ?$L v $� ?$ � � x L x Q�

$� ? >$B �
:
Q

L �
$L�@  �$� ?$� B �

:
Q

L �
$� ?$L�  $� ?$ ����

ZKLFK E\ /HPPD $�� LPSOLHV )$�
" )$B�BQ

L �
$L� JLYHQ )$?$� � 7KHUHIRUH� GHpQLQJ *  

:Q
L �)$L

�

/HPPD $�� LPSOLHV �
:Q
L �)$L

� " )$B�BQ

L �
$L� JLYHQ )$?$� B �

:Q
L �)$L

� ZKLFK E\ /HPPD $�� �D�

LPSOLHV

�
:Q
L � )$L

� " )$ JLYHQ )$?$� B �
:Q
L �)$L

� � ����

1H[W� WDNH DQ\ � x M x Qb �� %\ DQ DUJXPHQW VLPLODU WR ����� $M ? >$B �
:Q
L M��$L�@  $M ?$

VR WKDW /HPPD $�� LPSOLHV )$M
" )$B�BQ

L M��
$L� JLYHQ )$?$M

� ,I ZH OHW *  �
:Mb�
L �)$?$L

� B

�
:Q
L M��)$L

�� WKHQ E\ /HPPD $���

�
:Mb�
L �)$?$L

� B �
:Q
L M)$L

� " )$ JLYHQ �
:M
L �)$?$L

�B �
:Q
L M��)$L

� ����

ZKHQ ZH UHSODFH )$B�BQ

L M��
$L� E\ )$ YLD /HPPD $�� �D��

)LQDOO\� VLQFH )$Q
" )$ JLYHQ )$?$Q

�

�
:Qb�
L � )$?$L

� B)$Q
" )$ JLYHQ

:Q
L �)$?$L

����

ZKHQ ZH DGG *  
:Qb�
L � )$?$L

YLD /HPPD $���

1RZ� WDNH DQ\ )$�PHDVXUDEOH ; � /�� %\ /HPPD $��� ���� LPSOLHV

(>; M
:Q
L �)$L

@  (>; M )$?$� B �
:Q
L � )$L

� @ ����

ZKLOH IRU HDFK � x M x Qb �� ���� LPSOLHV

(>; M �
:Mb�
L �)$?$L

� B �
:Q
L M)$L

� @  (>; M �
:M
L �)$?$L

�B �
:Q
L M��)$L

� @ ����

DQG ���� LPSOLHV

(>; M �
:Qb�
L � )$?$L

� B)$Q
@  (>; M

:Q
L �)$?$L

@ � ����

/LQNLQJ WKH Q LQGHQWLWLHV IURP ����� ���� DQG ���� \LHOGV (>; M
:Q
L �)$L

@  (>; M
:Q
L �)$?$L

@ ZKLFK

FRPSOHWHV WKH SURRI� (

$V WKH QH[W UHVXOW LOOXVWUDWHV� XQGHU FHUWDLQ FRQGLWLRQV� FRQGLWLRQLQJ ZLWK UHVSHFW WR WKH VWURQJ

SDVW * e

& LV HTXLYDOHQW WR FRQGLWLRQLQJ ZLWK UHVSHFW WR D PXFK VLPSOHU ��DOJHEUD�

��



3URSRVLWLRQ $�� 7DNH DQ\ &  $ Q
6
Q

L �
$L �$�$L � $�� 8QGHU ���� DQG $VVXPSWLRQV $��� $��

DQG $��� LI ; � /
�
LV )$�PHDVXUDEOH� WKHQ (>; M * e

& @  (>; M
:
Q

L �)$L
@

3URRI� /HW $ Q
6
P

L �%L EH WKH PD[LPDO UHSUHVHQWDWLRQ RI & GHVFULEHG LQ $VVXPSWLRQ $��� %\
PD[LPDOLW\� * e

&
 )>Q

L �
%L
VR WKDW * e&  

:Q
L �)%L

E\ $VVXPSWLRQ $��� )XUWKHPRUH� /HPPD $��

LPSOLHV (>; M
:Q
L �)%L

@  (>; M
:Q
L �)$?%L

@� 7KHUHIRUH� E\ WKH WRZHU SURSHUW\� LW LV VXrFLHQW WR

VKRZ
:P
L � )$?%L

v
:Q
L � )$L

v * e

& � ,QGHHG� WKH ULJKW�PRVW LQFOXVLRQ LV WULYLDO VLQFH $L?&  � � L

ZKHUHDV� IRU WKH OHIW�PRVW LQFOXVLRQ� LW LV VXrFLHQW WR QRWH WKDW $ Q
6P
M �$ ?%M  $ Q

6Q
L �$ ?$L

LPSOLHV $?%M v
6Q
L �$L � M� (

6LQFH HYHU\ & � & SRVVHVVHV D PLQLPDO UHSUHVHQWDWLRQ� 3URSRVLWLRQ $�� \LHOGV

&RUROODU\ $��� 8QGHU ���� DQG $VVXPSWLRQV $��� $�� DQG $��� JLYHQ DQ\ &  $Q% � & �$ � $�

% � $�X��� LI ; � /� LV )$�PHDVXUDEOH� WKHQ (>; M * e

& @ LV )$�PHDVXUDEOH�

8QOLNH WKH VTXDUH IXQFWLRQ LQHTXDOLW\ LQ /HPPD ����� RXU VHW�LQGH[HG 5RVHQWKDO�OLNH LQHTXDOLW\

UHTXLUHV FRQGLWLRQDO LQGHSHQGHQFH RI �)$��

/HPPD $��� /HW 0 EH D VWURQJ PDUWLQJDOH LQ /�� 8QGHU ���� DQG $VVXPSWLRQV $��� $�� DQG

$��� LI N�� c c c � NU DQG &�� c c c � &U DUH DV GHpQHG LQ /HPPD ����� WKHQ JLYHQ DQ\ � x S ���

(

xt;U

L �
(>�0&L

��M* e

&L
@
u
S �
y

x x c( > M0&�
MS @ ����

ZKHUH &�  
6

U

L �&L DQG x LV D SRVLWLYH FRQVWDQW GHSHQGLQJ RQO\ RQ S�

3URRI� /HW +� v c c c v +U EH DV GHpQHG LQ /HPPD ����� DQG OHW +�  
:

N�b�

M �
)JP�$M� LI N� y �

RU )�� LI N�  �� ,Q HLWKHU FDVH� +� v +� VR WKDW 7KHRUHP $���9 LQ +DOO DQG +H\GH ������ \LHOGV

(

xt;U

L �
(>�0&L�

�M+Lb�@
uS �y

x . c(

x t;U

L �
�0&L�

�
uS �y

IRU VRPH SRVLWLYH FRQVWDQW .� %XW E\ ��� DQG ���� 3URSRVLWLRQ $�� LPSOLHV

(>�0&L
��M* e&L @  (>�0&L�

�M+Lb�@ � � x L x U

VR WKDW ���� IROORZV E\ /HPPD ����� (

��



5HIHU HQFHV

>�@ &DLUROL� 5� DQG :DOVK� -� %� ������� 6WRFKDVWLF LQWHJUDOV LQ WKH SODQH� $FWD 0DWKHPDWLFD ����

��������

>�@ &DUQDO� (� DQG :DOVK� -� %� ������� 0DUNRY SURSHUWLHV IRU FHUWDLQ UDQGRP pHOGV� 6WRFKDVWLF

DQDO\VLV� $FDGHPLF 3UHVV� �������

>�@ 'HOODFKHULH� &� DQG 0H\HU� 3� $� ������� 3UREDELOLWLHV DQG 3RWHQWLDO� +HUPDQQ�

>�@ 'R]]L� 0�� ,YDQRo� %� *� DQG0HU]EDFK� (� ������� 'RRE�0H\HU GHFRPSRVLWLRQ IRU VHW�LQGH[HG

VXEPDUWLQJDOHV� -RXUQDO RI 7KHRUHWLFDO 3UREDELOLW\ �� ��������

>�@ *XVKFKLQ� $� $� ������� 2Q WKH JHQHUDO WKHRU\ RI UDQGRP pHOGV LQ WKH SODQH� 5XVVLDQ 0DWK�

HPDWLFDO 6XUYH\V ����� ������

>�@ +DOO� 3� DQG +H\GH� &� &� ������� 0DUWLQJDOH /LPLW 7KHRU\ DQG LWV $SSOLFDWLRQV� $FDGHPLF

3UHVV�

>�@ ,YDQRo� %� *�� /LQ� <� �;� DQG 0HU]EDFK� (� ������� :HDN FRQYHUJHQFH RI VHW�LQGH[HG SRLQW

SURFHVVHV DQG WKH 3RLVVRQ SURFHVVHV� 7KHRU\ RI 3UREDELOLW\ DQG 0DWKHPDWLFDO 6WDWLVWLFV ���

������

>�@ ,YDQRo� %� *� DQG0HU]EDFK� (� ������� 6WRSSLQJ DQG VHW�LQGH[HG ORFDO PDUWLQJDOHV� 6WRFKDVWLF

3URFHVVHV DQG WKHLU $SSOLFDWLRQV ��� ������

>�@ ,YDQRo� %� *� DQG 0HU]EDFK� (� ������� $ PDUWLQJDOH FKDUDFWHUL]DWLRQ RI WKH VHW�LQGH[HG

%URZQLDQ PRWLRQ� -RXUQDO RI 7KHRUHWLFDO 3UREDELOLW\ �� ��������

>��@ ,YDQRo� %� *�� 0HU]EDFK� (� DQG 6FKLRSX�.UDWLQD� ,� ������� 3UHGLFWDEOLOLW\ DQG VWRSSLQJ RQ

ODWWLFHV RI VHWV� 3UREDELOLW\ 7KHRU\ DQG 5HODWHG )LHOGV ��� ��������

>��@ 6ORQRZVN\� '� ������� &HQWUDO /LPLW 7KHRUHPV IRU 6HW�,QGH[HG 6WURQJ 0DUWLQJDOHV� 3K�'�

WKHVLV� 8QLYHUVLW\ RI 2WWDZD�

>��@ 6ORQRZVN\� '� DQG ,YDQRo� %� *� ������� $ FHQWUDO OLPLW WKHRUHP IRU VHW�LQGH[HG VWURQJ

PDUWLQJDOHV� SUHSULQW�

��


