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2WKHUZLVH� JLYHQ +�� LW FDQ EH HVWLPDWHG LQ D FRQVLVWHQW ZD\� 2QH FDQ� IRU H[DPSOH� XVH
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SHUIRUPDQFH �SRZHU� RI WKH WHVW VWDWLVWLFV LQ KDQG� LW VHHPV WR EH PRUH QDWXUDO WR FRQVWUXFW
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:H QRWH DW WKH RXWV WKDWPW WDNHV LQWHJHU YDOXHV IURP � WR V� KHQFH WKH OLPLWLQJ IXQFWLRQ
zXy��y� �����yV�W�� � � W � �� FRQVLVWV RI V�� GLoHUHQW SDUWV� )XUWKHUPRUH� LW LV HDV\ WR VHH� WKDW
WKLV OLPLWLQJ IXQFWLRQ LV HTXDO WR � IRU DOO � � W � � LI DQG RQO\ LI z�  z�  c c c  z
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LWV FRQVLVWHQF\ WR WHVW IRU PXOWLSOH FKDQJHV� WKLV VWDWLVWLF ZDV FRQVWUXFWHG LQ SDUWLFXODU WR

WHVW IRU DW PRVW RQH FKDQJH�SRLQW �FRPSDUH WKH PHDQ EHIRUH WR WKH PHDQ DIWHU D SRVVLEOH
FKDQJH�� $V PHQWLRQHG HDUOLHU LQ 6HFWLRQ �� LW VHHPV WR EH QDWXUDO WR FRQVWUXFW DQ V�

SDUDPHWHU VWRFKDVWLF SURFHVV ZKHQ V FKDQJH�SRLQWV DUH H[SHFWHG� :H ZLOO GR VR E\ XVLQJ
D JHRPHWULFDO DUJXPHQW�

)RU VLPSOLFLW\� OHW XV pUVW DVVXPH WKDW ZH DUH WHVWLQJ IRU DW PRVW � FKDQJHV� &RQVLGHU
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WKH SRLQWV �N� ,,(I6�N�J �� N � 1� YLD WKH VWUDLJKW OLQH P�W�  W� :H SLFN RQH N� �
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FRQWDLQLQJ WKH SRLQW �N�� ,,(I6�N��J�� DQG ZLWK WHUPLQXV & � �N�� ,,(I6�N��J�� :H GUDZ
D YHUWLFDO OLQH IURP WKH WHUPLQXV DQG LQWHUVHFW WKH W�D[LV� :H GHQRWH WKLV LQWHUVHFWLRQ E\

' � �N�� ,,(I6���J�� ZKHUH ZH GHpQH 6��� � �� ,Q WKLV ZD\ ZH FRQVWUXFW D UHFWDQJOH�
GHQRWHG E\ $%&' �VHH )LJXUH ��� ZKHUH $ � ��� ,,(I6���J�� ZLWK OHQJWK N� DQG KHLJKW

,,(I6�N��J� :H DOVR GUDZ D KRUL]RQWDO OLQH VWDUWLQJ IURP ) � �N�� ,,(I6�N��J�� FRQWDLQLQJ
WKH SRLQW �N�� ,,(I6�N��J�� DQG ZLWK WHUPLQXV * � �Q� ,,(I6�N��J�� :H WKHQ GUDZ D YHUWLFDO

OLQH IURP WKH VWDUWLQJ SRLQW DQG DQRWKHU RQH IURP WKH WHUPLQXV� ERWK LQWHUVHFWLQJ WKH
W�D[LV DW ( � �N�� ,,(I6���J� DQG + � �Q� ,,(I6���J� UHVSHFWLYHO\� 6LPLODUO\� ZH FRQVWUXFW
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,,(I6�N��J�

5HqHFWLQJ HDFK SRLQW RI WKH UHFWDQJOH ()*+ DURXQG WKH �� GHJUHH OLQH P  W� ZH
JHW WKH QHZ UHFWDQJOH %,-&� ZKHUH % � ��� ,,(I6�N��J� LV WKH UHqHFWLRQ SRLQW RI ( � 
�N�� ,,(I6���J�� , � ��� ,,(I6�Q�J� LV WKH UHqHFWLRQ SRLQW RI + � �Q� ,,(I6���J�� - � 

�N�� ,,(I6�Q�J� LV WKH UHqHFWLRQ SRLQW RI * � �Q� ,,(I6�N��J� DQG & � �N�� ,,(I6�N��J� LV
WKH UHqHFWLRQ SRLQW RI ) � �N�� ,,(I6�N��J�� 7KLV QHZ UHFWDQJOH KDV OHQJWK N� DQG KHLJKW
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)LJXUH �� $ JHRPHWULFDO LQWHUSUHWDWLRQ RI ,,(IN�6�N����QbN��6�N��bN�6�Q�J  � XQGHU
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&RPELQLQJ WKH WZR UHFWDQJOHV $%&' DQG %,-& ZLWK HDFK RWKHU� ZH KDYH FRQVWUXFWHG

WKH UHFWDQJOH $,-'� ZKLFK KDV OHQJWK N� DQG KHLJKW ,,(I6�Q�J� 0RUHRYHU� XQGHU +�� WKH
QHZ UHFWDQJOH $,-' KDV WKH VDPH DUHD DV WKH VXP RI WKH WZR RWKHU RQHV� QDPHO\ $%&'

DQG ()*+� &RQVHTXHQWO\� ZH KDYH WKDW

N� d ,,(I6�N��J� �Qb N��d ,,(I6�N��J b N� d ,,(I6�Q�J  ��

7KXV� LQ SULQFLSOH� IRU HDFK JLYHQ N� DQG N�� � x N� � N� � Q� ZH FRQVWUXFWHG DQ

XQELDVHG HVWLPDWRU RI ]HUR DVVXPLQJ WKDW +� LV WUXH� :H PD\ DOVR VD\ WKDW� YLHZHG WKLV

ZD\� WHVWLQJ IRU DW PRVW WZR FKDQJHV LQ WKH PHDQ UHVXOWV LQ FRPSDULQJ DUHDV RI WKUHH

GLoHUHQW UHFWDQJOHV ZLWK HDFK RWKHU�

6LPLODUO\� ZKHQ WHVWLQJ IRU V FKDQJHV� IRU HDFK JLYHQ N�� N�� � � � � NV� � x N� �

N� � c c c � NV � Q� WKHUH FRUUHVSRQG WKH V UHFWDQJOHV ZLWK HQGSRLQWV �NLb�� ,,(I6���J��
�NLb�� ,,(I6�NL�J�� �NL��� ,,(I6�NL�J� DQG �NL��� ,,(I6���J�� � x L x V� UHVSHFWLYHO\� ZKHUH

N� � � DQG NV�� � Q� (DFK RI WKHVH UHFWDQJOHV ZLWK OHQJWK �NL�� b NLb�� DQG KHLJKW
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�NV� ,,(I6�Q�J� DQG �NV� ,,(I6���J�� 7KLV UHFWDQJOH� ZLWK OHQJWK NV� KHLJKW ,,(I6�Q�J DQG
DUHD NV d ,,(I6�Q�J� KDV QRZ� XQGHU +�� WKH VDPH DUHD DV WKH VXP RI WKH SUHYLRXV DUHDV�
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ZKHUH ��  >Qy�@� ��  >Qy�@ DQG z� � z��

,Q FDVH RI z� � z� WKH OLPLWLQJ IXQFWLRQ aXy��y��W�� W��� � � W� � W� � �� DV DERYH
WDNHV RQ QHJDWLYH DV ZHOO DV SRVLWLYH YDOXHV DQG QHLWKHU D PD[LPXP QRU D PLQLPXP
LV WDNHQ DW WKH WLPHV RI FKDQJH �W�� W��  �y�� y��� +HQFH� HVWLPDWLQJ WKH WZR FKDQJH�
SRLQWV YLD� IRU H[DPSOH� WKH DUJXPHQW ZKHUH aXy��y��W�� W��� � � W� � W� � �� WDNHV LWV
PD[LPXP LQ W� DQG W� ZLOO QRW JLYH XV D JRRG HVWLPDWRU LQ JHQHUDO� 7KLV LV GXH WR WKH
IDFW WKDW IRU z� � z� ZH KDYH� IRU H[DPSOH� PLQIaXy��y��y� �� y��� aXy��y��y�� �y���� ��J �
aXy��y��y�� y�� � PD[IaXy��y��y� �� y��aXy��y��y�� �y� � �� ��J� 7KHUHIRUH� WKH SUREOHP RI
HVWLPDWLQJ WKH WLPHV RI DW PRVW � FKDQJHV VWLOO VHHPV WR EH DQ RSHQ SUREOHP� HYHQ ZKHQ
ZH UHVWULFW RXUVHOYHV WR WKH HSLGHPLF DOWHUQDWLYH�

&RQFOXVLRQ

8VLQJ D JHRPHWULFDO DUJXPHQW ZH FRQVWUXFWHG D VWDWLVWLF EDVHG RQ DQ V�SDUDPHWHU VWRFKDV�
WLF SURFHVV WR WHVW IRU V� V y �� FKDQJHV LQ WKH PHDQ �FI� 6HFWLRQ �� DQG VKRZHG LWV

FRQVLVWHQF\� )XUWKHUPRUH� ZH VKRZHG WKH FRQVLVWHQF\ IRU WHVWLQJ +� DJDLQVW +
�V�

$ � V y ��
ZKHQ XVLQJ D VWDWLVWLF ZKLFK ZDV RULJLQDOO\ LQWURGXFHG WR WHVW IRU DW PRVW RQH FKDQJH�SRLQW
�FI� 6HFWLRQ ��� $V D VSHFLDO FDVH ZH DOVR LQYHVWLJDWHG WKH VR�FDOOHG HSLGHPLF DOWHUQDWLYH
�FI� 6HFWLRQ �� DQG VKRZHG WKDW HYHQ LQ WKLV VLPSOLpHG FDVH HVWLPDWLQJ WKH FKDQJH�SRLQWV
LV QRW DQ HDV\ WDVN�

$FNQRZOHGJPHQW

, DP YHU\ JUDWHIXO WR 3URIHVVRU 3wDO 5wHYwHV] ZKR ZDV P\ C'LSORPDUEHLW
 �WKHVLV� VXSHUYLVRU
LQ 9LHQQD� ,I LW ZHUH QRW IRU KLP LQ WKH pUVW SODFH LW ZRXOG QRW KDYH EHHQ SRVVLEOH IRU PH
WR GR D 3K' SURJUDP LQ &DQDGD� , DP DOVR YHU\ JUDWHIXO WR 3URIHVVRU 0LNOwRV &V�RUJR̀ IRU
KLV VXSHUYLVLRQ RI P\ 3K' WKHVLV 2UDVFK ������ RQ ZKLFK WKH SUHVHQW SDSHU LV EDVHG�
,Q DGGLWLRQ , ZRXOG OLNH WR WKDQN 3URIHVVRU 0LNOwRV &V�RUJR̀ IRU UHDGLQJ D SUHOLPLQDU\

YHUVLRQ RI WKLV SDSHU DQG IRU KHOSIXO FRPPHQWV DQG VXJJHVWLRQV�
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:LOH\� &KLFKHVWHU�
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WLFV� $FDGHPLF 3UHVV� 1HZ <RUN�

>�@ (DVWZRRG� %�-� DQG (DVWZRRG� 9�5� ������� 7DEXODWLQJ :HLJKWHG )XQFWLRQDOV RI

%URZQLDQ %ULGJHV YLD 0RQWH &DUOR 6LPXODWLRQ� $V\PSWRWLF 0HWKRGV LQ 3UREDELOLW\
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(OVHYLHU 6FLHQFH %�9�� $PVWHUGDP�
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LQJ� 3K' 7KHVLV� &DUOHWRQ 8QLYHUVLW\� 2WWDZD� &DQDGD�
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