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.H\ZRUGV� VHW�LQGH[HG SURFHVVHV� VWURQJ 0DUNRY SURSHUW\� VKDUS 0DUNRY SURS�

HUW\� DGDSWHG VHW� RSWLRQDO VHW�

� % DFNJU RXQG DQG 3 U HOLPLQDU LHV

,Q WKH FODVVLFDO WKHRU\� WKH QRWLRQ RI D 0DUNRY SURFHVV LV EDVHG RQ WKH UHSUHVHQ�

WDWLRQ RI D SURFHVV ZKRVH EHKDYLRXU VDWLVpHV WKH K\SRWKHVLV RI ?LQGHSHQGHQFH RI

WKH IXWXUH IURP WKH SDVW�� RU HTXLYDOHQWO\� ?WKH DEVHQFH RI WKH DIWHU�HoHFW� DW

DQ\ p[HG PRPHQW RI WLPH� WKH SURFHVV LV VDLG WR EH VWURQJ 0DUNRY LI WKH SURS�

HUW\ RI WKH DEVHQFH RI WKH DIWHU�HoHFW UHPDLQV YDOLG DW DQ\ UDQGRP PRPHQW RI

WLPH� 0DUNRY SURFHVVHV LQGH[HG E\ GLVFUHWH VXEVHWV RI WKH UHDO OLQH �L�H� GLVFUHWH

WRWDOO\ RUGHUHG VHWV� DOZD\V SRVVHVV WKLV SURSHUW\ �*LKPDQ DQG 6NRURKRG� �����

S� ������� ZKLOH LQ WKH FRQWLQXRXV FDVH� RQH FDQ JLYH D FULWHULRQ IRU WKH SURFHVV

WR EH VWURQJ 0DUNRY� DQG SURYH WKDW LQ PDQ\ LPSRUWDQW FDVHV WKHUH H[LVWV D

YHUVLRQ RI WKH SURFHVV VDWLVI\LQJ WKLV FULWHULRQ �*LKPDQ DQG 6NRURKRG� ����� S�
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7KH OLWHUDWXUH LV UDWKHU VFDUFH ZKHQ LW FRPHV WR WKH VWURQJ 0DUNRY SURSHUW\

IRU SURFHVVHV LQGH[HG E\ SDUWLDOO\ RUGHUHG VHWV� WKH PDLQ GLrFXOWLHV EHLQJ� ��
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WR GHFLGH ZKLFK LV WKH ULJKW 0DUNRY SURSHUW\ WR ZRUN ZLWK� DQG �� WR pQG WKH

DSSURSULDWH DQDORJXH IRU WKH QRWLRQ RI VWRSSLQJ WLPH� IRU WKH VWRSSHG ��pHOG�

IRU WKH CIXWXUH HYHQWV
 ��pHOG DQG IRU WKH CSUHVHQW
 ��pHOG�

,Q ZKDW IROORZV ZH ZLOO JLYH D EULHI UHYLHZ RI WKH VXEMHFW LQ WKH OLWHUDWXUH�

WU\LQJ WR XVH� DV PXFK DV SRVVLEOH� D XQLpHG QRWDWLRQ IRU YDULRXV SDSHUV� ZKLFK

ZLOO EH FRQVLVWHQW ZLWK WKH QRWDWLRQ WKDW ZH VXEVHTXHQWO\ XVH LQ WKLV SDSHU�

:H ZLOO XVH WKH QRWDWLRQ ) " + M * � LI WKH ��pHOGV ) DQG + DUH FRQGLWLRQDOO\

LQGHSHQGHQW JLYHQ * �

)LUVW ZH PHQWLRQ LQ SDVVLQJ WKDW :RQJ DQG =DNDL ������ LQWURGXFHG EULHq\

WKH QRWLRQ RI VWURQJ 0DUNRY SURSHUW\ IRU SDWK�SDUDPHWUL]HG SURFHVVHV� KRZHYHU�

WKHVH DUH QRW H[DPSOHV RI SURFHVVHV LQGH[HG E\ SDUWLDOO\ RUGHUHG VHWV�

,Q WKH FDVH ZKHQ WKH LQGH[ VHW LV D FRXQWDEOH SDUWLDOO\ RUGHUHG VHW 7 � YDULRXV

DXWKRUV VHHP WR DJUHH WKDW WKH EHVW ZD\ WR GHpQH D 0DUNRY FKDLQ ; � 

�;W�W� 7 LV WR VD\ WKDW IRU DQ\ W � 7 � $��W� " $��W� M ��;W�� ZKHUH $��W� � 
��I;W� � W� x WJ� DQG $��W� � ��I;W� � W� y WJ�� &DLUROL DQG 'DODQJ ������ XVH
WKH DVVXPSWLRQ WKDW WKH XQGHUO\LQJ SUREDELOLVWLF PRGHO LV D 0DUNRY FKDLQ WR
VROYH DQ RSWLPDO FRQWURO SUREOHP� DV RXU IUDPHZRUN LV GLoHUHQW� ZH ZLOO QRW
GLVFXVV WKLV FDVH KHUH� 2Q WKH RWKHU KDQG� *UHHQZRRG DQG (YVWLJQHHY ������
LQWURGXFHG WKH QRWLRQ RI VSOLWWLQJ HOHPHQW WR GHQRWH D UDQGRP HOHPHQW � LQ
7 ZKLFK KDV WKH SURSHUW\ WKDW IRU DQ\ W � 7 ZH FDQ ZULWH I�  WJ  )� ? )�

ZLWK )L � $L�W�� L  �� �� WR DQ\ VSOLWWLQJ HOHPHQW � � WKH\ DVVRFLDWHG WKH ��pHOGV
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7KH IDFW WKDW LV UHOHYDQW IRU RXU GLVFXVVLRQ KHUH LV WKDW DQ\ 0DUNRY FKDLQ
; LV VWURQJ 0DUNRY� LQ WKH VHQVH WKDW IRU DQ\ VSOLWWLQJ HOHPHQW � � $��� � "
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7KH FDVH RI D YHU\ JHQHUDO XQFRXQWDEOH SDUWLDOO\ RUGHUHG VHW GRHV QRW VHHP

WR EH GLVFXVVHG DQ\ZKHUH LQ WKH OLWHUDWXUH� ,QVWHDG� WKUHH LPSRUWDQW SDUWLFXODU
VLWXDWLRQV DUH FRQVLGHUHG� 7KHVH DUH LQ IDFW WKUHH LQFUHDVLQJ OHYHOV RI JHQHUDOLW\�
WKH SUHVHQW SDSHU ZLOO DGGUHVV WKH PRVW JHQHUDO RI WKHP�
7KH pUVW OHYHO GHDOV ZLWK WKH FDVH ZKHQ WKH LQGH[ VHW LV WKH (XFOLGHDQ VSDFH
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KDV EHHQ LQ WKH OLWHUDWXUH IRU D ORQJ WLPH �pUVW WLPH LQWURGXFHG E\ /wHY\� �����
DQG LW UHTXLUHV WKDW )' " )'F M )#'� ZKHUH )$ � ��I;]� ] � $J� IRU DQ\
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� � 0HU]EDFK DQG 1XDODUW ������ GHpQHG D VWRSSLQJ OLQH DV D UDQGRP
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� � ZKHUH D CGHFUHDV�

LQJ OLQH
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)RU HDFK UDQGRP VHW o� WKH VDPH DXWKRUV GHpQHG WKH ��pHOG
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0HU]EDFK DQG 1XDODUW ������ LV WKDW FHUWDLQ SRLQW SURFHVVHV� ZKLFK DUH VKDUS

0DUNRY ZLWK UHVSHFW WR WKH VHWV '�O�� KDYH WKH SURSHUW\ WKDW IRU DQ\ VWRSSLQJ

OLQH /� )'�/� " );
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7KH VHFRQG OHYHO RI JHQHUDOLW\ GHDOV ZLWK WKH FDVH RI SURFHVVHV LQGH[HG E\

D FROOHFWLRQ RI FORVHG VXEVHWV RI D G�GLPHQVLRQDO (XFOLGHDQ VSDFH� :KHQ WKLV
FROOHFWLRQ FRQWDLQV DOO FORVHG VXEVHWV RI WKH VSDFH� (YVWLJQHHY ������ LQWUR�

GXFHG D W\SH RI 0DUNRY SURSHUW\ IRU JHQHUDO CUDQGRP pHOGV
 L�H�� IRU pOWUD�

WLRQV �)$�$ �ZKLFK FDQ DULVH LQ SDUWLFXODU IURP D SURFHVV ; � �;$�$� LI ZH

VHW )% � ��I;$�$ v %�$ FORVHGJ��� 0RUH SUHFLVHO\� D UDQGRP pHOG �)$�$
�RU� LQ SDUWLFXODU D SURFHVV ;� LV FDOOHG ORFDOO\ 0DUNRY� LI IRU DQ\ GLVMRLQW
FORVHG VHWV $ DQG %� )$ " )% M )#$� RU HTXLYDOHQWO\ LI IRU DQ\ FORVHG VHW $�

)$ " )$F M )#$� $ FORVHG�YDOXHG UDQGRP VHW o LV FDOOHG D 0DUNRY UDQGRP

VHW LI Io v $J � )$ IRU DQ\ FORVHG VHW $� WR DQ\ 0DUNRY UDQGRP VHW o RQH FDQ
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s
o DQG %o  ?s!�%

s
o� ZKHUH

$s
o  ��I) ? Ios w $J�) � )$�$ FORVHGJ� B ��o�

%so  ��I) ? I�#o�s w $J�) � )$� $ FORVHGJ� B ��o�

7KH PDLQ UHVXOW RI (YVWLJQHHY ������ LV WKDW DQ\ ORFDOO\ 0DUNRY UDQGRP pHOG

�RU SURFHVV� KDV WKH SURSHUW\ WKDW IRU DQ\ FRPSDFW�YDOXHG 0DUNRY VHW o� IRU

DQ\ FORVHG VHW $ DQG IRU DQ\ ) � )$� ZH KDYH 3 >) M$o@  3 >) M%o@ D�V� RQ WKH

VHW I��o��� ?$  �J�
7KH WKLUG OHYHO RI JHQHUDOLW\ GHDOV ZLWK WKH FDVH RI SURFHVVHV LQGH[HG E\ D

FROOHFWLRQ $ RI FRPSDFW VXEVHWV RI D +DXVGRUo WRSRORJLFDO VSDFH 7 � FROOHFWLRQ

ZKLFK GRHV QRW FRQWDLQ GLVMRLQW �QRQ�HPSW\� VHWV� LV D VHPLODWWLFH �L�H� FORVHG

XQGHU DUELWUDU\ LQWHUVHFWLRQV�� DQG VHSDUDEOH IURP DERYH� LQ D VHQVH ZKLFK ZLOO

EH VSHFLpHG EHORZ� 7KH JHQHUDO WKHRU\ RI WKHVH SURFHVVHV ZDV LQLWLDWHG DQG
GHYHORSHG E\ ,YDQRo DQG 0HU]EDFK LQ WKH ODWH ��
V DQG LW SURGXFHG LPSUHVVLYH

UHVXOWV LQ WKH PDUWLQJDOH FDVH �H�J� ,YDQRo DQG 0HU]EDFK� ����E�� ,Q WKH SUHVHQW

SDSHU ZH ZLOO FRQVLGHU D W\SH RI VWURQJ 0DUNRY SURSHUW\ IRU WKHVH VHW�LQGH[HG

SURFHVVHV� ZKLFK FDQ EH DVVRFLDWHG WR WKH CVKDUS 0DUNRY SURSHUW\
� RQH RI WKH

YDULRXV W\SHV RI 0DUNRY SURSHUWLHV WKDW KDYH EHHQ LQWURGXFHG LQ WKLV IUDPHZRUN
�H�J� %DODQ DQG ,YDQRo� WR DSSHDU� ,YDQRo DQG 0HU]EDFK� ����D��

7KH VHSDUDELOLW\ IURP DERYH SURSHUW\ RI WKH LQGH[LQJ FROOHFWLRQ $ DOORZV

XV WR DSSUR[LPDWH IURP DERYH D VHW $ � $ DV
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ZKHUH WKH DSSUR[LPDWLRQ VHW JQ�$� FDQ EH ZULWWHQ DV D pQLWH XQLRQ RI VHWV WKDW

OLH LQ D pQLWH VXE�VHPLODWWLFH$Q RI$� PRUHRYHU�$Q v $Q � � �Q DQG JQ SUHVHUYHV
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WKDW WKLV LPSOLHV WKDW WKH IXQFWLRQ JQ LV PRQRWRQH L�H� $�$� � $�$ v $� �

JQ�$� v JQ�$��� %\ FRQYHQWLRQ� JQ���  ��
7KHUH DUH PDQ\ H[DPSOHV RI FODVVHV RI VHWV ZKLFK KDYH WKHVH SURSHUWLHV� IURP

ZKLFK RQH FDQ UHFRJQL]H HDVLO\ WKH FDVH RI SURFHVVHV LQGH[HG E\ WKH ORZHU VHWV
RI WKH G�GLPHQVLRQDO VSDFH 5G

� �$ LV D CORZHU VHW
 LI ] � $ LPSOLHV >�� ]@ v $��
DQG LQ SDUWLFXODU WKH FDVH RI SURFHVVHV LQGH[HG E\ WKH CUHFWDQJOHV
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�RU HTXLYDOHQWO\� WKH FDVH RI PXOWL�SDUDPHWHU SURFHVVHV��
,Q WKLV IUDPHZRUN $�X� GHQRWHV WKH FODVV RI DOO pQLWH XQLRQV RI VHWV LQ $�

& LV WKH VHPL�DOJHEUD RI DOO VHWV RI WKH IRUP &  $?%�$ � $�% � $�X�� DQG
& �X� LV WKH DOJHEUD RI DOO pQLWH XQLRQV RI VHWV LQ & � 1RWH WKDW WKH IXQFWLRQ JQ
FDQ EH H[WHQGHG WR $�X� E\ VHWWLQJ JQ�%� � >$� $�$v%JQ�$��% � $�X�� WKH
H[WHQVLRQ SUHVHUYHV pQLWH XQLRQV DQG pQLWH LQWHUVHFWLRQV DQG LV PRQRWRQH�
$OO WKH SURFHVVHV ; � �;$�$� $ DUH DVVXPHG WR KDYH D XQLTXH DGGLWLYH

H[WHQVLRQ WR $�X�� & DQG & �X� L�H�� ZKHQHYHU WKH VHW % � $�X� FDQ EH ZULWWHQ
DV %  >Q
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ZKHQHYHU WKH VHW & � & FDQ EH ZULWWHQ DV &  $?%  $�?%�
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DQG WKH DGGLWLYH H[WHQVLRQ WR & �X� LV GHpQHG LQ WKH REYLRXV PDQQHU�

$ SURFHVV ; � �;$�$� $ LV VDLG WR EH PRQRWRQH RXWHU�FRQWLQXRXV LI IRU DQ\

GHFUHDVLQJ VHTXHQFH �$Q�Q v $�; ? Q$Q  OLPQ;$Q� 1RWH WKDW E\ DGGLWLYLW\�;

LV PRQRWRQH RXWHU�FRQWLQXRXV DV ZHOO IRU D GHFUHDVLQJ VHTXHQFH �%Q�Q v $�X��

SURYLGHG WKDW ?Q%Q � $�X��

$Q LQFUHDVLQJ FROOHFWLRQ �)$�$� $ RI ��pHOGV LV FDOOHG D pOWUDWLRQ� DQ $�

LQGH[HG pOWUDWLRQ �)$�$� $ FDQ EH H[WHQGHG WR D pOWUDWLRQ LQGH[HG E\ $�X� E\

GHpQLQJ )% � 
:
$� $�$v% )$�% � $�X�� $ pOWUDWLRQ �)%�% � $�X� LV FDOOHG

PRQRWRQH RXWHU�FRQWLQXRXV LI IRU DQ\ GHFUHDVLQJ VHTXHQFH �%Q�Q v $�X� ZLWK

?
Q
%
Q
� $�X�� ZH KDYH ) ? Q%Q  ?

Q
)
%Q
�

$ SURFHVV ; � �;$�$� $ LV DGDSWHG ZLWK UHVSHFW WR D pOWUDWLRQ �)$�$� $
LI ;$ LV )$�PHDVXUDEOH �$ � $ �E\ DGGLWLYLW\ WKLV LPSOLHV WKDW ;% LV )%�

PHDVXUDEOH �% � $�X��� 7KH PLQLPDO pOWUDWLRQ ZLWK UHVSHFW WR ZKLFK D SURFHVV

; LV DGDSWHG LV JLYHQ E\ )% � ��I;$�$ � $�$ v %J�� % � $�X��

$FFRUGLQJ WR ,YDQRo DQG 0HU]EDFK �����D�� D SURFHVV ; � �;$�$� $ LV
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7KH QRWLRQ RI VWRSSLQJ VHW ZDV LQWURGXFHG E\ ,YDQRo DQG 0HU]EDFK ������

WR GHQRWH DQ $�X��YDOXHG UDQGRP VHW | ZKLFK FDQ EH ZULWWHQ DV WKH pQLWH XQLRQ

RI VRPH$�YDOXHG UDQGRP VHWV DQG KDV WKH SURSHUW\ WKDW I| w $J � )$� �$ � $

DQG I|  �J � )��

8QIRUWXQDWHO\� WKH DSSUR[LPDWLRQ J
Q
�|� RI D VWRSSLQJ VHW | PD\ QRW EH D

VWRSSLQJ VHW� DQG WKLV LV WKH SRLQW ZKHUH ,YDQRo DQG 0HU]EDFK �����D� ZHUH

IRUFHG WR LQWURGXFH WKH DGGLWLRQDO DVVXPSWLRQV RI WKH PRQRWRQH RXWHU�FRQWLQXLW\

RI WKH SURFHVV DQG RI WKH pOWUDWLRQ� 7KHVH DVVXPSWLRQV DUH VDWLVpHG E\ SRLQW

SURFHVVHV EXW WKH\ DUH QRW VDWLVpHG E\ PDQ\ RWKHU LPSRUWDQW FODVVHV RI SURFHVVHV�

OLNH WKH %URZQLDQ PRWLRQ� IRU LQVWDQFH�

,Q WKH SUHVHQW SDSHU ZH ZLOO EH DEOH WR JHW DURXQG WKLV GLrFXOW\ E\ UHSODFLQJ

WKH VWRSSLQJ VHWV ZLWK UDQGRP VHWV FDOOHG CDGDSWHG VHWV
� UHVSHFWLYHO\ CRSWLRQDO

VHWV
� ZKLFK DUH GHpQHG XVLQJ WKH VHW�LQFOXVLRQ LQ WKH QDWXUDO GLUHFWLRQ� QRW LQ

WKH UHYHUVH GLUHFWLRQ DV ZLWK WKH VWRSSLQJ VHWV� 8VLQJ RSWLRQDO VHWV� ZH ZLOO

REWDLQ WKH VDPH UHVXOWV DV ,YDQRo DQG 0HU]EDFK �����D�� ZKLFK ZLOO EH DSSOLHG

WKLV WLPH WR D PXFK EURDGHU FODVV RI SURFHVVHV� 7KH LPSRUWDQFH RI WKLV ZRUN LV

WKDW LW LQGLFDWHV WKDW WKH QDWXUDO JHQHUDOL]DWLRQ RI D 0DUNRY WLPH LV DQ RSWLRQDO

VHW� DQG QRW D VWRSSLQJ VHW�

� 7 KH 6WU RQJ 0 DU NRY 3 U RSHU W\

,Q WKLV VHFWLRQ ZH ZLOO LQWURGXFH WKH DGDSWHG VHWV DQG WKH RSWLRQDO VHWV DQG ZH

ZLOO VWXG\ D W\SH RI VWURQJ �VKDUS� 0DUNRY SURSHUW\ WKDW FDQ EH DVVRFLDWHG WR

WKHVH REMHFWV�

:H ZLOO DVVXPH WKDW WKH DSSUR[LPDWLQJ IXQFWLRQV JQ KDYH WKH IROORZLQJ GHI�

LQLWLRQ�

JQ�%� � ?
' � $Q�X��%v'�'� �% � $�X�

7KLV LV WKH FDVH RI PDQ\ H[DPSOHV RI LQGH[LQJ FROOHFWLRQV� LQFOXGLQJ WKH ORZHU
OD\HUV RI 5G

� DQG WKH UHFWDQJOHV >�� ]@� ] � 5
G
� �

!)URP WKH VHSDUDELOLW\ IURP DERYH RI WKH LQGH[LQJ FROOHFWLRQ $ ZH KDYH

�'�% � $�X��' v %� � �Q VXFK WKDW JQ�'� v %� ���

/HW �)%�% � $�X� EH WKH H[WHQVLRQ WR $�X� RI D VHW�LQGH[HG pOWUDWLRQ DQG
�)U

%�% � $�X� LWV PLQLPDO RXWHU�FRQWLQXRXV pOWUDWLRQ� GHpQHG E\ )
U
' � ?Q)JQ�'��

' � $�X�� 7KHQ
)U
'  ?% � $�X��'v%�)%� ' � $�X� ���

7KH IROORZLQJ DVVXPSWLRQ JLYHV WKH DSSUR[LPDWLRQ IURP EHORZ IRU D VHW LQ
$�X��

$VVXPSWLRQ ��� )RU DQ\ % � $�X� WKHUH H[LVWV D PRQRWRQH LQFUHDVLQJ VH�

TXHQFH �GQ�%��Qy� v $�X� VXFK WKDW %�  >QGQ�%�� GQ�%� v GQ� ��%�
� �Q�
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�'�% � $�X��' v %�
� �Q VXFK WKDW ' v GQ�%�
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$ UDQGRP VHW o LV D IXQFWLRQ ZLWK YDOXHV LQ $�X�� GHpQHG RQ D PHDVXUDEOH
VSDFH �n�)��

'HpQLWLRQ ��� $ UDQGRP VHW o LV FDOOHG DQ DGDSWHG VHW RI WKH pOWUDWLRQ

�)%�% � $�X� LI Io v %J � )% IRU HYHU\ % � $�X�� LW LV FDOOHG DQ RSWLRQDO

VHW RI WKH pOWUDWLRQ �)%�% � $�X� LI Io v %�J � )% IRU HYHU\ % � $�X��

7R DQ\ DGDSWHG VHW o ZH FDQ DVVRFLDWH WKH ��pHOG�

)o
G HI
 I) � ) � ) ? Io v %J � )% �% � $�X�J

7R DQ\ RSWLRQDO VHW o ZH FDQ DVVRFLDWH WKH ��pHOG�

)
U

o

G HI
 I) � ) � ) ? Io v %�

J � )% �% � $�X�J

7KH IROORZLQJ IDFWV DUH FRPSOHWHO\ DQDORJRXV WR WKH FODVVLFDO FDVH�

/HPPD ��� �D� ,I o u % � $�X�� WKHQ o LV DQ DGDSWHG VHW DQG )o  
)% �)

U

o
 )U

%
�

�E� $ UDQGRP VHW LV DQ RSWLRQDO VHW RI WKH pOWUDWLRQ �)%�% � $�X� LI DQG RQO\ LI LW

LV DQ DGDSWHG VHW RI WKH pOWUDWLRQ �)U

%
�% � $�X�� ,Q SDUWLFXODU� DQ\ DGDSWHG

VHW LV DQ RSWLRQDO VHW�

�F� ,I o LV DQ RSWLRQDO VHW� WKHQ )U

o
 I) � ) � )?Io v %J � )U

%
�% � $�X�J�

,Q SDUWLFXODU� LI o LV DQ DGDSWHG VHW WKHQ )o v )
U

o
�

�G� ,I o LV DQ RSWLRQDO VHW DQG p LV DQ DGDSWHG VHW VXFK WKDW o v p�� WKHQ

)U

o
v )p�

3URRI� �D� &OHDU�
�E� ,I o LV DQ RSWLRQDO VHW RI WKH pOWUDWLRQ �)%�% � $�X�� WKHQ Io v %J  

?QyPIo v JQ�%��J � )JP�%��P y � DQG KHQFH Io v %J � ?P)JP�%�  )U

%
�

&RQYHUVHO\� LI o LV DQ DGDSWHG VHW RI WKH pOWUDWLRQ �)U

%
�% � $�X�� WKHQ Io v %�J  

>QIo v GQ�%�J � )% � EHFDXVH Io v GQ�%�J � )U

GQ�%� v )% �

�F� 6DPH W\SH DV DUJXPHQW DV �E��
�G� )RU HDFK ) � )U

o
ZH KDYH ) ? Ip v %J  �) ? Io v %�J� ? Ip v %J �

)% �% � $�X� L�H� ) � )p� (

&RPPHQW ��� ,I o LV D GLVFUHWH UDQGRP VHW L�H�� LW WDNHV RQ RQO\ FRXQWDEO\
PDQ\ FRQpJXUDWLRQV� WKHQ o LV DQ DGDSWHG VHW LI DQG RQO\ LI Io  %J � )% �% �
$�X�� ,Q WKLV FDVH )o  I) � ) � ) ? Io  %J � )% �% � $�X�J�

��



3URSRVLWLRQ ��� ,I o LV DQ RSWLRQDO VHW WKHQ JQ�o� LV D �GLVFUHWH� DGDSWHG VHW

DQG )U
o  ?Q)J

Q
�o��

3URRI� :H FODLP WKDW WKH IROORZLQJ UHODWLRQ KROGV�

IJQ�o�  %J  Io v %
�J?

>

' � $Q�X��'~%

Io v '
�J �% � $�X� ���

ZKHUH ~ GHQRWHV WKH VWULFW LQFOXVLRQ�
�6XSSRVH WKDW JQ�o�  %� &OHDUO\ o v JQ�o��  %

�� ,I WKHUH ZHUH VRPH
' � $Q�X��' ~ % VXFK WKDW o v '

�� WKHQ E\ WKH GHpQLWLRQ RI JQ ZH ZRXOG
KDYH JQ�o� v '� ZKLFK LV LPSRVVLEOH� &RQYHUVHO\� VXSSRVH WKDW o v %

� DQG
o �v '

� �' � $�X��' ~ %� 6LQFH o v %
�� WKHUH H[LVWV DQ Q VXFK WKDW

JQ�o� v %� 6LQFH JQ�o� � $�X� DQG o v JQ�o��� ZH FDQQRW KDYH JQ�o� ~ %�
KHQFH JQ�o�  %��
!)URP ��� LW IROORZV WKDW IJQ�o�  %J � )% �% � $�X� L�H�� JQ�o� LV DQ

DGDSWHG VHW�
/HW XV SURYH QRZ WKDW )U

o  ?Q)JQ�o�� 6LQFH o v JQ�o��� ZH KDYH )U
o v

)J
Q
�o�� &RQYHUVHO\� OHW ) � ?Q)J

Q
�o�� )RU HDFK % � $�X� ) ? Io v %J  

?QyP�) ?IJQ�o� v JQ�%�J� � )JP�%��P y �� KHQFH ) ?Io v %J � ?P)JP�%�

 )U
% L�H� ) � )U

o� (
7KH IROORZLQJ UHVXOW LV FRPSOHWHO\ DQDORJRXV WR SURFHVVHV LQGH[HG E\ 5 � �

3URSRVLWLRQ ��� ,I ; � �;$�$� $ LV D PRQRWRQH RXWHU�FRQWLQXRXV SURFHVV�

ZKLFK LV DGDSWHG ZLWK UHVSHFW WR WKH pOWUDWLRQ �)%�% � $�X�� WKHQ

�D� ;o LV )o�PHDVXUDEOH IRU DQ\ GLVFUHWH DGDSWHG VHW o� DQG

�E� ;o LV )U
o�PHDVXUDEOH IRU DQ\ RSWLRQDO VHW o�

3URRI� �D� )RU DQ\ DUELWUDU\ D � 5� I;o � DJ ? Io  %J  I;% �

DJ ? Io  %J � )% ��% � $�X� L�H�� I;o � DJ � )o�
�E� %\ WKH PRQRWRQH RXWHU�FRQWLQXLW\ RI WKH SURFHVV� ;o  OLPQ;JQ�o� DQG

I;o � DJ  >1yP ?Qy1 I;JQ�o� � DJ � )JP�o���P y �� +HQFH I;o � DJ �
?P)J

P
�o�  )U

o
� (

)RU WKH UHVW RI WKH VHFWLRQ ZH ZLOO DVVXPH WKDW ; � �;$�$� $ LV D p[HG

VHW�LQGH[HG SURFHVV DQG �)$�$� $ LV LWV PLQLPDO pOWUDWLRQ� :H ZLOO GHQRWH ZLWK
%�5� WKH FODVV RI DOO %RUHO VXEVHWV RI 5�
7KH IROORZLQJ ��pHOGV KDYH EHHQ LQWURGXFHG E\ ,YDQRo DQG 0HU]EDFK �����D�

IRU DQ\ UDQGRP VHW o�

);

o
�
G HI
 ��I;$,I$voJ� ,I$voJ�$ � $J�

);

#o
�
G HI
 ��I;$,I$vo�$ �vo�J� ,I$vo�$ �vo�J�$ � $J�

)
;
oF �

G HI
 ��I;$,I$�voJ� ,I$�voJ�$ � $J�

��



/HPPD ��� �/HPPD ��� RI ,YDQRo DQG 0HU]EDFK� ����D� �D� ,I o u % � $�X�
WKHQ )

;
o  )%�)

;
#o  )#% �)

;
oF  )%F �

�E� )RU DQ\ UDQGRP VHW o ZH KDYH );
#o v )

;
o �

/HPPD ��� �D� )RU DQ\ GLVFUHWH DGDSWHG VHW o ZH KDYH );
o  )o�

�E� )RU DQ\ RSWLRQDO VHW o ZH KDYH )U
o  ?Q)

;
JQ�o��)

;
JQ���o� v )

;
JQ�o� �Q�

�F� )RU DQ\ RSWLRQDO VHW o ZH KDYH );
o v )

U
o�

3URRI� �D� 7R SURYH WKDW I$ v oJ � )o� QRWH WKDW I$ v oJ ? Io  %J LV � LI
$ �v % DQG LW LV H[DFWO\ Io  %J RWKHUZLVH� LQ HLWKHU FDVH WKLV LQWHUVHFWLRQ OLHV
LQ )% � 6LPLODUO\ I;$ � bJ ? I$ v oJ � )o IRU HYHU\ b � %�5�� &RQYHUVHO\�
OHW ) � )o� 8VLQJ /HPPD ��� RI ,YDQRo DQG 0HU]EDFK �����D�� ) ? Io  
%J � )% MIo %J  );

o
MIo %J v );

o
VLQFH Io  %J � );

#o
v );

o
� )LQDOO\

)  >% � UDQ JH�o��) ? Io  %J� � );

o
�

�E� 8VLQJ �D�� );

JQ�o�
 )JQ�o� DQG KHQFH )

U

o
 ?Q)JQ�o�  ?Q)

;

JQ�o�
�

�F� )RU HDFK $ � $ ZH KDYH ,I$voJ  OLPQ ,I$vJQ�o�J DQG ;$,I$voJ  

OLPQ;$,I$vJ
Q
�o�J� 6LQFH ,I$vJ

Q
�o�J DQG ;$,I$vJ

Q
�o�J DUH )

;

JQ�o�
�PHDVXUDEOH

DQG WKH ��pHOGV �);

JQ�o�
�Q DUH GHFUHDVLQJ� LW IROORZV WKDW WKH OLPLWV ,I$voJ DQG

;$,I$voJ DUH PHDVXUDEOH ZLWK UHVSHFW WR WKH LQWHUVHFWLRQ ?Q)
;

JQ�o�
 )U

o
� (

,GHDOO\� ZH ZRXOG OLNH WR VD\ WKDW D VKDUS 0DUNRY SURFHVV ; � �;$�$� $ LV

VWURQJ 0DUNRY LI IRU DQ\ RSWLRQDO VHW o� ZH KDYH

)U

o
" );

oF
M );

#o
���

ZKLFK ZRXOG LPSO\ WKDW );

o
" );

oF
M );

#o
� XVLQJ /HPPD ���� �F�� +RZHYHU�

ZH ZRXOG UDWKHU QRW LQWURGXFH D QHZ WHUPLQRORJ\� VLQFH ZH FRXOG QRW pQG DQ

H[DPSOH RI D SURFHVV VDWLVI\LQJ WKLV SURSHUW\�

,Q ZKDW IROORZV ZH ZLOO VHH KRZ FORVH ZH FDQ JHW RI WKH GHVLUHG FRQGLWLRQDO

LQGHSHQGHQFH ��� IRU DQ DUELWUDU\ VKDUS 0DUNRY SURFHVV� 7KH IROORZLQJ ��pHOG

KDV EHHQ LQWURGXFHG E\ ,YDQRo DQG 0HU]EDFK �����D� IRU DQ\ UDQGRP VHW o�

);

>o�JQ�o�@
�
G HI

 ��I;$�I$vJQ�o��$�vo�J� �I$vJQ�o��$�vo�J�$ � $J�

/HPPD ��� 6XSSRVH WKDW JQ�$� � $Q� �$ � $� �Q y �� 7KHQ IRU HYHU\

RSWLRQDO VHW o� );

#JQ�o� v );

>o�JQ�o�@ v );

JQ�o��

3URRI� 7KH pUVW LQFOXVLRQ LV YDOLG IRU DQ\ UDQGRP VHW o� 7R SURYH LW� LW ZLOO EH
HQRXJK WR VKRZ WKDW WKH JHQHUDWRUV RI );

#JQ�o� DUH LQ )
;

>o�JQ�o�@� 1RWH WKDW WKH

VHW I$ v JQ�o�J ? I$ �v JQ�o�
�J FDQ EH ZULWWHQ DV WKH GLoHUHQFH

�I$ v JQ�o�J ? I$ �v o
�
J� ? �I$ v JQ�o�

�
J ? I$ �v o

�
J�

DQG WKH pUVW VHW I$ v JQ�o�J ? I$ �v o
�J OLHV LQ )>o�JQ�o�@� $V IRU WKH VHFRQG

VHW I$ v JQ�o��J ? I$ �v o
�J� LW FDQ EH ZULWWHQ DV

>N�IJN�$� v JQ�o�J?I$ �v o
�
J�  >N?PyN �IJP�$� v JQ�o�J?IJP�$� �v o

�J�

��



ZKLFK EHORQJV WR );
>o�JQ�o�@

VLQFH JP�$� � $� $ VLPLODU DUJXPHQW VKRZV WKDW

I;$ � bJ ? I$ v JQ�o�J ? I$ �v JQ�o��J � )>o�JQ�o�@ IRU DQ\ b � %�5��
7R SURYH WKH VHFRQG LQFOXVLRQ ZH ZLOO DVVXPH WKDW o LV DQ RSWLRQDO VHW DQG

ZH ZLOO VKRZ WKDW WKH JHQHUDWRUV RI );
>o�JQ�o�@

DUH LQ );
JQ�o�

� 1RWH WKDW I$ �v

o
�J  ?NIJN�$� �v oJ � );

o v )U
o v );

J
Q
�o� E\ /HPPD ���� +HQFH I$ �v

o
�J ? I$ v JQ�o�J � );

JQ�o�� )LQDOO\� D VLPLODU DUJXPHQW VKRZV WKDW I;$ �

bJ ? I$ �v o
�J ? I$ v JQ�o�J � )

;
JQ�o� IRU DQ\ b � %�5�� (

6LQFH WKH ��pHOGV �);
>o�JQ�o�@

�Q PD\ QRW QHFHVVDULO\ EH PRQRWRQLFDOO\ GHFUHDV�
LQJ� ZH OHW

);�P

>o�JQ�o�@
� 
B

1yQ

);
>o�J1�o�@ DQG )

;
#o � ?Q)

;�P

>o�JQ�o�@

1RWH WKDW );
#o v );�P

>o�JQ�o�@
VLQFH I$ v o�$ �v o�J  ?NyQI$ v JN�o��$ �v

o�J � )
;�P

>o�JQ�o�@� DQG VLPLODUO\ I;$ � b� $ v o�$ �v o�J � )
;�P

>o�JQ�o�@ IRU DQ\

b � %�5�� KHQFH );
#o v );

#o�

%\ /HPPD ���� IRU HYHU\ RSWLRQDO VHW o

);
#JQ�o� v )

;�P

>o�JQ�o�@ v );
JQ�o� ���

7KHRUHP ���� ,I ; � �;$�$� $ LV D VKDUS 0DUNRY SURFHVV� WKHQ IRU HYHU\

RSWLRQDO VHW o� )U
o " );

oF M )
;
#o�

3URRI� 7KH DUJXPHQW LV VLPLODU WR WKH RQH XVHG LQ WKH SURRI RI 7KHRUHP ����

RI ,YDQRo DQG 0HU]EDFK �����D�� /HW < EH D ERXQGHG� );
oF�PHDVXUDEOH UDQ�

GRP YDULDEOH� 7KHQ <  OLPQ <Q� ZKHUH <Q LV D ERXQGHG� )
;
JQ�o�F�PHDVXUDEOH

UDQGRP YDULDEOH� 8VLQJ 7KHRUHP ��� RI ,YDQRo DQG 0HU]EDFK �����D� DQG ����

(><QM)
;
JQ�o�@  (><QM)

;
#JQ�o�@  (><QM)

;�P

>o�JQ�o�@@� 6LQFH )
U
o  ?Q)

;
JQ�o� DQG

);
#o  ?Q)

;�P

>o�JQ�o�@ ZH JHW

(>< M)U
o@  OLP

Q
(><QM)

;
JQ�o�@  OLP

Q
(><QM)

;�P

>o�JQ�o�@@  (>< M)
;
#o@

XVLQJ D JHQHUDOL]HG IRUP RI WKH 0DUWLQJDOH &RQYHUJHQFH 7KHRUHP� (

&RUROODU\ ���� ,I ; � �;$�$� $ LV D VKDUS 0DUNRY SURFHVV� WKHQ IRU HYHU\

RSWLRQDO VHW o� );o " );oF M )
;

#o
�

&RPPHQW ���� 7KH DSSOLFDELOLW\ RI WKH SUHFHGLQJ UHVXOWV H[WHQGV WR DOO VKDUS

0DUNRY SURFHVVHV� ZLWKRXW DQ\ UHTXLUHPHQW IRU UHJXODULW\ RI VDPSOH SDWKV RU

pOWUDWLRQV� 7KHUHIRUH� WKLV KROGV IRU DOO SURFHVVHV ZLWK LQGHSHQGHQW LQFUHPHQWV�

LQFOXGLQJ WKH %URZQLDQ PRWLRQ RQ WKH ORZHU OD\HUV� ZKLFK LV NQRZQ WR EH D�V�

XQERXQGHG� DQG WKHUHIRUH D�V� GLVFRQWLQXRXV�

��



5HIHU HQFHV

>�@ %DODQ� 5�0�� DQG ,YDQRo� %�*�� WR DSSHDU� $ 0DUNRY SURSHUW\ IRU VHW�
LQGH[HG SURFHVVHV� -� 7KHRU� 3UREDE�

>�@ &DLUROL� 5�� DQG 'DODQJ 5�&�� ����� 6HTXHQWLDO 6WRFKDVWLF 2SWLPL]DWLRQ�
-RKQ :LOH\� 1HZ <RUN�

>�@ (YVWLJQHHY� ,�9�� ����� 0DUNRY WLPHV IRU UDQGRP pHOGV� 7KHRU\ 3UREDE�
$SSO� ��� ��������

>�@ *LKPDQ� ,�,�� DQG 6NRURKRG� $�9�� ����� 7KH 7KHRU\ RI 6WRFKDVWLF 3UR�
FHVVHV� 9RO� ,� 6SULQJHU� 1HZ <RUN�

>�@ *LKPDQ� ,�,�� DQG 6NRURKRG� $�9�� ����� 7KH 7KHRU\ RI 6WRFKDVWLF 3UR�
FHVVHV� 9RO� ,,� 6SULQJHU� 1HZ <RUN�

>�@ *UHHQZRRG� 3�� DQG (YVWLJQHHY� ,�9�� ����� $ 0DUNRY HYROYLQJ UDQGRP
pHOG DQG VSOLWWLQJ UDQGRP HOHPHQWV� 7KHRU\ 3UREDE� $SSO� ��� ������

>�@ ,YDQRo� %�*�� DQG 0HU]EDFK� (�� ����� 6WRSSLQJ DQG VHW�LQGH[HG ORFDO PDU�
WLQJDOHV� 6WRFK� 3URF� $SSO� ��� ������

>�@ ,YDQRo� %�*�� DQG 0HU]EDFK� (�� ����D� 6HW�LQGH[HG 0DUNRY 3URFHVVHV� LQ�
6WRFKDVWLF 0RGHOV� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQIHUHQFH RQ 6WRFKDV�
WLF 0RGHOV� -XQH ����� &DUOHWRQ 8QLYHUVLW\� &DQDGLDQ 0DWKHPDWLFDO 6RFL�
HW\ &RQIHUHQFH 3URFHHGLQJV ��� SS� ��������

>�@ ,YDQRo� %�*�� DQG 0HU]EDFK� (�� ����E� 6HW�,QGH[HG 0DUWLQJDOHV� &KDS�
PDQ 	 +DOO�&5&� %RFD 5DWRQ� /RQGRQ�

>��@ /wHY\� 3�� ����� ([HPSOHV GH SURFHVVXV GRXEOHV GH 0DUNRo� &�5�$�6� ����
��������

>��@ 0HU]EDFK� (�� DQG 1XDODUW� '�� ����� 0DUNRY SURSHUWLHV IRU SRLQW SURFHVVHV
RQ WKH SODQH� $QQ 3UREDE� ��� ��������

>��@ :RQJ� (�� DQG =DNDL� 0�� ����� 0DUNRY SURFHVVHV LQ WKH SODQH� 6WRFKDVWLFV
��� ��������

��


