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Abstract

We consider the marginal models of Liang and Zeger (1986) for the
analysis of longitudinal data and we develop a theory of statistical in-
ference for such models. We prove the existence, weak consistency and
asymptotic normality of a sequence of estimators defined as roots of
pseudo-likelihood equations.
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1 Introduction

Longitudinal data sets arise in biostatistics and life-time testing problems when
the responses of the individuals are recorded repeatedly over a period of time.
By controlling for individual differences, longitudinal studies are well-suited to
measure change over time. On the other hand, they require the use of special
statistical techniques because the responses on the same individual tend to be
strongly correlated. In a seminal paper Liang and Zeger (1986) proposed the
use of generalized linear models (GLM) for the analysis of longitudinal data.
In a cross-sectional study, a GLM is used when there are reasons to believe
that each response y; depends on an observable vector x; of covariates (see the
monograph of McCullagh and Nedler, 1989). Typically this dependence is spec-
ified by an unknown parameter 0 and a link function p via the relationship
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wi(B) = u(xrFB), where p;(3) is the mean of y;. For one-dimensional observa-
tions, the maximum quasi-likelihood estimator 3,, is defined as the solution of
the equation

> w(B)vi(B) " (ys — mi(B)) = 0. (1)
i=1

where f; is the derivative of p; and v;(0) is the variance of y;. Note that this
equation simplifies considerably if we assume that v;(8) = ¢;i(x! 3), with a
nuisance scale parameter ¢;. In fact (1) is a genuine likelihood equation if the
y;’s are independent with densities c(y;, ¢;) exp{¢; *[(xF B)y: — b(x} B)]};

In a longitudinal study, the components of an observation y; = (Y1, - - -, Yim )
represent repeated measurements at times 1,...,m for subject ¢. The approach
proposed by Liang and Zeger is to impose the usual assumptions of a GLM only
for the marginal scalar observations y;; and the p-dimensional design vectors
x;j. If the correlation matrices within individuals are known (but the entire
likelihood is not specified), then the m-dimensional version of (1) becomes a
generalized estimating equation (GEE).

In this article we prove the existence, weak consistency and asymptotic
normality of a sequence of estimators, defined as solutions (roots) of pseudo-
likelihood equations (see Shao, 1999, p. 315). We work within a nonparametric
set-up similar to that of Liang and Zeger and built upon the impressive work of
Xie and Yang (2003).

Our approach differs from that of Liang and Zeger (1986), Xie and Yang
(2003), and Schiopu-Kratina (2002) in the treatment of the correlation structure
of the data recorded for the same individual across time. As in Rao (1998), we
first obtain a sequence of preliminary consistent estimators (8,), of the main
parameter 5y (under the “working independence assumption”), which we use
to consistently estimate the average of the true individual correlations. We
then create the pseudo-likelihood equations whose solutions provide our final
sequence of consistent estimators of of the main parameter. In practice, the
analyst would first use numerical approximation methods (like the Newton-
Raphson method) to solve a simple estimating equation, where each individual
correlation matrix is the identity matrix. The next step would be to solve for 3 in
the pseudo-likelihood equation, in which all the quantities can be calculated from
the data. This approach eliminates the need to introduce nuisance parameters
or to guess at the correlation structures, and thus avoids some of the problems
associated with these methods (see p.112-113 of Fahrmeir and Tutz, 1991).
We note that the assumptions that we require for this two-steps procedure
(our conditions (AH), (1), (Cy)) are only slightly more stringent that those
of Xie and Yang (2003). They reduce to conditions related to the “working
independence assumption” when the average of the true correlation matrices is
asymptotically nonsingular (our hypothesis (H)).

As in Lai, Robbins and Wei (1979), where the linear model is treated, we
relax the assumption of independence between subjects and consider residuals



which form a martingale difference sequence. Thus our results are more general
than results published so far, e.g. Xie and Yang (2003) for GEE, and Shao
(1992) for GLM.

Since a GEE is not a derivative, most of the technical difficulties surface
when proving the existence of roots of such general estimating equations. Two
distinct methods have been developed to deal with this problem. One gives
a local solution of the GEE and relies on the classical proof of the inverse
function theorem (Yuan and Jennrich, 1998; Schiopu-Kratina, 2003). The other
method, which uses a result from topology, was first brought into this context
by Chen, Hu and Ying (1999) and was extensively used by Xie and Yang (2003)
in their proof of consistency. We adopt this second method, which facilitates
a comparison of our results to those of Xie and Yang (2003) and incorporates
the inference results for GLM contained in the seminal work of Fahrmeir and
Kaufmann (1987).

This article is organized as follows. Section 2 is dedicated to the existence
and weak consistency of a sequence of estimators of the main parameter. To
accommodate the estimation of the average of the correlation matrices in the
martingale set-up, we require two conditions: (C1) is a boundedness condition
on the (2+J)-moments of the normalized residuals, whereas (C2) is a consistency
condition on the normalized conditional covariance matrix. In this context we
use the martingale strong law of large numbers of Kaufmann (1987). Section
3 presents the asymptotic normality of our estimators. This is obtained under
slightly stronger conditions that those of Xie and Yang (2003), by applying the
classical martingale central limit theorem (see Hall and Heyde, 1980). For ease
of exposition, we placed the more technical proofs in Appendices A and B.

We introduce first some matrix notation (see Schott, 1997). If Aisap x p
matrix, we will denote with || A || its spectral norm, with det(A) its determinant
and with tr(A) its trace. If A is a symmetric matrix, we denote by Amin(A)
(Amax(A)) its minimum (maximum) eigenvalue. For any matrix A, | A ||=
{Amax(ATA)}/2. For a p-dimensional vector x, we use the Euclidean norm
| x |= (xTx)'/2 = tr(xxT)1/2. We let AY/? be the symmetric square root of a
positive definite matrix A and A~%/2 = (A'/2)~!. Finally, we use the matrix
notation A < B if A\TAX < ATB for any p-dimensional vector .

Throughout this article we will assume that the number of longitudinal ob-
servations on each individual is fixed and equal to m. More precisely, we will
denote with y; := (yi1,-.-,%im)’, ¢ < n a longitudinal data set consisting of n
respondents, where the components of y; represent measurements at different
times on subject ¢. The observations y;; are recorded along with a corresponding
p-dimensional vector x;; of covariates and the marginal expectations and vari-
ances are specified in terms of the regression parameter 8 through 6;; = XZ;- I}
as follows:

1i;(B) = Eg(yij) = u(0ij), 03;(8) := Varg(yi;) = ju(0s;) (2)



where p is a continuously differentiable link function with g > 0, i.e. we consider
only canonical link functions.

Here are the most commonly used such link functions:

in the linear regression, u(y) = y;

in the log regression for count data, u(y) = exp(y);

in the logistic regression for binary data, u(y) = exp(y)/[1 + exp(y)];

in the probit regression for binary data, u(y) = ®(y), where ® is the standard
normal distribution function; we have ®(y) = (27) "'/ exp(—y?/2).

P

In the sequel the unknown parameter [ lies in an open set B C RP and [y is
the true value of this parameter. We normally drop the parameter Gy to avoid
cumbersome notation.

Let ul(ﬁ) = (,Ule(ﬁ), s 7/J“im(/6))T7 Al(ﬁ) = diag(o?l(ﬂ), BERE) o—zzm(ﬁ)) and
%;(B) := Covg(y;). Note that X; = AE/QR,;A}m, where R, is the true correla-
tion matrix of y; at By. Let X; = (Xi1,. .., Xim)? .

We consider the sequence €;(8) = (e;1(8), .-, €m(8))T with €;(8) = yi; —
pij(3), and we assume that the residuals (¢;);>1 form a martingale difference
sequence, i.e.

E(€i|Fi—1) =0 foralli > 1

where F; is the minimal o-field with respect to which €1, ...¢; are measurable.
This is a natural generalization of the case of independent observations.

Finally, to avoid keeping track of various constants, we agree to denote with
C a generic constant which does not depend on n, but is different from case to
to case.

2 Asymptotic Existence and Consistency

We consider the generalized estimating equations (GEE) of Xie and Yang (2003)
in the case when the “working” correlation matrices are Rindep = I for all 4. This
is also known as the “working independence” case, the word “independence”
referring to the observations on the same individual. Let (Bn)n be a sequence
of estimators such that

P(gP(3,) =0) =1 and G, — f (3)

where gind°P(8) =" | X7¢; () is the “working independence” GEE.

The following quantities have been used extensively in the work of Xie and
Yang (2003) and play an important role in the conditions for the existence and
consistency of 3,:

=1

max < Amax (R{") 1)

i=1 min; <, )‘min((R?ldep)_l)

Hlndep Z XTA ){27 ,n_indep —



AP = s A (RPVP) ) =, (40P = max s (HIPP)
i<n i<n,j<m

We will also use the following maxima:

p® (655)
1(0:5)

The fact that the residuals (¢;);>1 form a martingale difference sequence
does not change the proofs of Theorem 2 and Theorem A.1.(ii) of Xie and Yang
(2003). Following their work, we conclude that the sufficient conditions for the
existence of a sequence (f3,,), with the desired property (3) are:

fi(0i5) 3 2y _
7;1(0;) ,  kPI(B) = max max

21(3) =
EZ(B) = max max nax max

i<n  j<m

(AH)”1dep For any r > 0, klﬁvi“dep = sup kg] (B), I =2,3 are bounded
BEBP (r)
(I;;)indep )\min(Hir?dep) 00
(C;kv)indep n1/2 (,%(10))indep =0

where Birder(r) .= {3;| (HI"P)1/2(3 — 3y) |[< m!'/?r}. We denote with
(C)indeP the set of conditions (AH)mdep ([ )indep (O jindep,

It turns out that, in practice, the analyst will have to verify conditions similar
to (C)"9P in order to produce the estimators that we propose(see Remark 5).
All the classical examples corresponding to our link functions 1-4 are within the
scope of our theory. We present below two new examples.

Example 1. Suppose that p = 2. Let x;; = (aij, bij)", up = > 2, i<m o2.a?

1550
— 2.2 — 2.0 b :
Un =D icn j<m Oiybi; and wy =37, 07ai;bij. In this case

Hindcp _ |: Up Wn :l
n -

Wy, Up,
Amax (HIPP) = (u,, + v, + dp,)/2 and Apin (HMP) = (u,, + v, — d,,)/2, with
d, = \/(un —vp)? 4+ 4w?. Note that w, = \/u,v, cosb, for 6, € [0,7] and

det(HP) = 4, v, sin? ,, (see also p.79 of McCullagh and Nedler, 1989). Sup-
pose that

« = liminfsin®6,, > 0.

Since _
1 _ )‘max(Hg]dep) - Up + Un + dn
Amin (Hir?dep) det(Hiﬁldep) UpUn Sil’l2 Gn

one can show that condition (I)™4P is equivalent to min(u,,v,) — co. On
the other hand

2 2 2
T indepy)—1 _ Y 13 t] L] 13 9
Xij(Hn ) Xij = — — aWp—— + S 1/2 + 1/2
Un UnUn Un Uy, U



Condition (C)M9°P holds if n/2 max;<p_j<m(un ' >aij + vn "/ bi;)% — 0.

Example 2. The case of a single covariate with p different levels (one-way
ANOVA; see also Example 3.13 of Shao, 1999) is usually treated by identifying

each of these levels with one of the p-dimensional vectors ey, ..., e,, where ey
has the k-th component 1 and all the other components 0. We can say that
xi; € {e1,...,ep,} for all i <n,j < m. In this case, HMP is a diagonal matrix.

More precisely,
P
Hider = E vPeyel
k=1

(k) _ 2 _ : (k) sps * \indep
where vy, = Zign,jgm;x,-j:ek o7;. Let v, = ming<, vy . Condition (I7;)

1

is equivalent to v, — co and (C)™9°P is equivalent to n'/?v; 1 — 0.

The method introduced by Liang and Zeger (1986) and developed recently in
Xie and Yang (2003) relies heavily on the “working” correlation matrices R;(«)
which are chosen arbitrarily by the statistician (possibly containing a nuisance
parameter «) and are expected to be good approximations of the unknown true
correlation matrices R;.

In the present paper, we consider an alternative approach in which at each

step n, the “working” correlation matrices R;(a),i < n are replaced by the
random matrix
~ 1 & - - - -
R = = 37 AilBn) ™ 2ei(Bu)es (Ba)" Aa(Br) /2
i=1

which depends only on the data set and is shown to be a (possibly biased)
consistent estimator of the average of the true correlation matrices

The consistency of ﬁn is obtained under the following two conditions imposed
—1/2 . - =
2, with E(y:y:T)=R:

on the (normalized) residuals y; = A,

(C1) there exists a ¢ € (0,2] such that sup E(|| y} ||**°) < oo
i>1

1 & _
(€2 =>" v .0, where V; = E(y;y:T|Fi_1) — Ry

=1

Remark 1. Condition (C1) is a bounded moment requirement which is
usually needed for verifying the conditions of a martingale limit theorem, while
(C2) is satisfied if the observations are independent. Condition (C2) is in



fact a requirement on the (normalized) conditional covariance matrix V,, =
S E(y;y:T|Fi—1). More precisely, if the following hypothesis holds true:

(H) there exists a constant C > 0 such that Apin(R,) > C for all n,

. . =—1/2 =—1/2 P S
then (C2) is equivalent to R, * (V,/n)R,, " —I — 0 (which is similar to
(3.1) of Hall and Heyde, 1980, or (4.2) of Shao, 1992). Note that (H) is implied
by the following stronger hypothesis, which is needed in Section 3:

(H') There exists a constant C > 0 such that A\, (R;) > C for all i
(H') is satisfied if R; = R for all 1.

The following result is essential for all our developments.

Theorem 1 Let R, = E(R,). Under (C)™4, (C1) and (C2), we have
~ 1
R, —R, Lo (elementwise).

If the convergence in (C2) is almost sure, then 7§n — R, £% 0 (elementwise).
The same conclusion holds if R, is replaced by R,,.

Proof: Let R, = n~! S A;l/zeieTAfl/2 and note that E(’l%n) =R,. Our

7 7
result will be a consequence of the following two propositions, whose proofs are
given in Appendix A. O

Proposition 1 Under (C1) and (C2), we have

~ =

R, —R, ];1> 0 (elementwise).

Proposition 2 Under (C)"4P  (C1) and (C2), we have

ﬁn — ﬁn L—1> 0 (elementwise).

In what follows we will assume that the inverse of the (nonnegative definite)
random matrix R, exists with probability 1, for every n. We consider the
following pseudo-likelihood equation

n

ZDi(ﬂ)T‘NIi,n(ﬂ)flﬂ(ﬂ) =0 (4)

i=1

where D;(8) = A;(8)X; and Vzn(ﬂ) = Ay (B)Y2R,A;(8)"/2. Note that equa-
tion (4) can be written as

8(8) =Y XTA(B) />R Ai(B)"ei(B) = 0
=1



We consider also the estimating function
gn(8) = D XT M) "R, Ai(8)ei(p)
i=1

Note that M, := Cov(g,) = Y1, XTA’RIR,R;'AL*X,.
As in Xie and Yang (2003), we introduce the following quantities:

- AIl'la,)( R71
H, =Y XTAPRTAPX;, = AR )
i=1 Amin(Rn )
Fro= MAmax (R7D), ~7® := max max (xiTnglxij), Fp = Ty 0

i=1,...,n j=1,....m

Remark 2. Few comments about 7, are worth mentioning. First M,, <

o H,,, where 7, := max;<y, Amax(RIR;) < 7,. Also, since TJ('Z) — ?;Z) — 0 and

|?§Z)| < 1, we can assume that |TJ(Z)| < 2, for n large enough (here r%?, ?ﬁ) are
the elements of the matrices R,,, respectively Rn). Therefore 7,, > 1/2. The
reason why we prefer to work with 7, instead of 7,, will become transparent in
the proof of Proposition 3 (given in Appendix B). Another reason is of course

the fact that 7,, does not depend on the unknown matrices R;.

Our approach requires a slight modification of the conditions introduced
by Xie and Yang (2003) to accommodate the use of 7, instead of 7,. Let

B, (r) = {5; |l H;/Q(ﬁ —Bo) |I< (?7,,)1/27’}. Our conditions are:

(Xﬁ) For any r > 0, klll = sup kl(8), I =2,3 are bounded
BEBH(T)

(Iw) (%n)ilAmin(Hn) — 0
(Cw) (70)*4n — 0, and n*/?7,5, — 0

Remark 3. Note that (I,,) implies (I )P which implies Apin (H,) — co.
This follows from the following inequalities:

1

ind, —1 ind, -1 ind, 7:71 ind,
QmHgl P < )\min(Rn ) H;? P < H, < )\max(Rn ) 'H}r? P = EH;? »r

Remark 4. Our conditions depend on the matrix R,,, which cannot be

written in a closed form. Since R, — R, LN 0, it is desirable to express our
conditions in terms of the matrix R,. In practice, if the sample size is large
enough, one may choose to verify conditions (AH), (I,,), (Cy) by using R
(instead of R,,) in the definitions of H,,, mp, .-



Remark 5. If we suppose that hypothesis (H) holds, then for n large

% < /\min(Rn) < Amax(Rn) <2m

In this case (7,)n and (m,), are bounded, C’(fy,(lo))i“del’ < %(10) < C’(fy,(LO))i“dEP,
and for every r > 0 there exists 7 > 0 such that B, (r) C B»deP(;/). Therefore,
(Z\ff), (I,), (Cy) are equivalent to (AH)mdep (¥ )indep (% )indep pegpectively.
In order to verify (H), it is sufficient to check that there exists a constant C' > 0
such that _

det(R,,) > C, for all n, a.s.

under the hypothesis of Theorem 1.

We need to consider the following derivatives:

~ _agn<ﬁ)

Bo(f) = e, 08 (B)

opT

D, (0) =

The next theorem is a modified version of Theorem A.2, respectively Theorem
A.1.(ii) of the above mentioned authors.

Theorem 2 Under (;1\1?) and (éw),
(1) for every r >0

sup || H; 2D, (B)H /2 —1|-2 0, and
BEB,(r)

(i) there exists co > 0 such that for every r >0
P(Dn(B) > coH,, for all B € By(r)) — 1.

Proof: (i) The first two terms produced by the decomposition D,,(8) = H, (8)+
B.(8) + £.(B) are shown to be bounded by m27,, whereas the third term is
bounded in L? by /nm,¥,. (Here H,(3),B,(8),E,(3) have the same expres-
sions as those given in Xie and Yang (2003) with R;(«),é < n replaced by R,,.)
The arguments are essentially the same as those used in Lemmas A1.(ii), A2.(ii),
A3.(ii) of Xie and Yang (2003). The fact that we are replacing the “working”
correlation matrices R;(«),7 = 1,...,n with the matrix R,, and we assume that
(€i)i>1 is a martingale difference sequence, does not influence the proof. Finally
we note that (ii) is a consequence of (i). O

The next two results are intermediate steps that are used in the proof of our
main result. Their proofs are given in Appendix B.

Proposition 3 Suppose that the conditions of Theorem 1 hold. Then

(7o)~ VPH; V2 (8, — g0) - 0.



Proposition 4 Suppose that the conditions of Theorem 1 hold. Under (;1\1?)

and (Cy),
sup || Hy'/2[D,(8) — Da(B)JH 2 || 0.
BEBn(r)
The next theorem is our main result. It shows that under our slightly modified
conditions (AH), (Iy), (Cw) and the additional conditions of Theorem 1, one

can obtain a solution /3, of the pseudo-likelihood equation g, (8) = 0, which is
also a consistent estimator of (g.

Theorem 3 Suppose that the conditions of Theorem 1 hold. Under (ZH’), (I,)
and (Cy), there exists a sequence (Bn)n of random variables such that

P(gn(Bn) = 0) — 1 and Bn i’ Bo-

Proof: Let ¢ > 0 be arbitrary and r = r(e) = +/(24p)/(c¥e), where c; is a
constant to be specified later. We consider the events

B, ={|H,?g, I< inf | H,Y?(&.(8) — &) I}
BEDB, (1)

Q,, := {D, (/) nonsingular, for all 3 € B, (r)}

By Lemma A of Chen, Hu and Ying (1999), it follows that on the event E,, N,
there exists 3, € Bn(r) such that gn(ﬁn) = 0. Therefore, it remains to prove
that P(E, NQ,) > 1 — e for n large.

By Taylor’s formula and Lemma 1 of Xie and Yang (2003) we obtain that
for any 3 € OB,,(r) there exists 3 € B, (r) and a p x 1 vector A, || A |= 1 such
that

1 H (80 (8) — 8a) 12 NTHL 2D (B)H V2N - r(7) 12 2
{IANTH, 2D, (B)H, 2Al — [(ATHL V2D (8) — Du(B)H, 2} - (7)1
By Theorem 2.(ii) there exists ¢y > 0 such that

POTH V2D, (B)H, Y2\ > ¢, for all B € B,(r), forall \, | A |=1) > 1—¢/6
(5)

when n is large. Let ¢, € (0,¢p) be arbitrary. By Proposition 4,

PNTH, Y2 [D,,(8)—Dn(B)H; 2\ < ¢, for all § € B,(r), for all \) > 1—¢/6
(6)

when n is large. Therefore, if we put ¢; := ¢g — ¢, we have

P( inf (| H,Y2(80(8) — &) = cir(7a)'/?) > 1 — ¢/3 (7)
BEIB (1)

From (5) and (6) we can also conclude that P(,) > 1 — ¢/3, for n large.

10



On the other hand, by Chebyshev’s inequality and our choice of r, we have
P(| Hy%g,, |I< e1r(72)1/2/2) > 1 — €/6 for all n. By Proposition 3,
P(|| H;”Q(gn —gn) | e1r(72)Y/2/2) > 1 — ¢/6, for n large. Hence

P(| H, g, < err(7a)'?) > 1—¢/3 (8)

From (7) and (8) we get that P(E,) > 1 — (2¢)/3, for n large. This concludes
the proof of the asymptotic existence.

We proceed now with the proof of weakly consistency. Let § > 0 be arbitrary.
By (I,), we have 7, /Amin(Hy,) < (6/7)2, for n large. We know that on the event
E, N, there exists Bn € B, (r) such that gn(ﬁn) = 0. Therefore, on this event

I B = Bo I B2 - HY2 (B = 50) 1S Donin (B2 - (520 < 6

for n large. This proves that P(|| 3, — Bo ||< 0) > 1 — ¢, for n large. O

3 Asymptotic Normality

Let ¢, = Amax(M,;'H,). In this section we will suppose that (c,7), is
bounded.

Theorem 4 Under the conditions of Theorem 3,
M2, = M Y2HL, (B, — fo) + op(1).

Proof: On the set {g,(8,) =0, B, € Bn(r)}, we have &, = Dy (3)(Bn — Bo)
for some (3, € B, (r), by Taylor’s formula. Multiplication with M, /2 yields

M, 2, = M PHY2ALHY2 (B, — o) + My, 2 H (B, — o)

where A,, := H,,'/*D,, (Bn)HT_Ll/Q—I = op(1), by Theorem 2.(i) and Proposition
4. The result follows since || M, /2L 1< e/? and I Hi/Q(Bn - Bo) I
(7o) /?r. O

Let 452 = maxi<jcp Amax(Hn /°XTA?R;1AY?X,H, /%), Note that
’y,(lD) < CdyAn, where d,, = maxi<n j<m a?j. We consider the following condi-

tions:
(Ns) There exists a § > 0 such that : (1)Y := sup E(|| y; |>T° |Fi_1) < oo a.s.;
i>1

(ii) (e 7n) T 0~P) 0

(C2) r{1<a;<)\max(vi) 2.0

11



Remark 6. Note that condition (Ns)(i), with Y integrable, implies (C1),
whereas (C2)’ is a stronger form of (C2). Part (ii) of condition (Ng) was intro-
duced by Xie and Yang (2003).

The following result gives the asymptotic distribution of g,.

Lemma 1 Suppose that the conditions of Theorem 1 hold. Under (Nj), (C2)
and (H')
M, 'g, < N(0.T)

Proof: We note that
M;1/2§:n = M;Ll/2gn + Myjl/z(gn - gn)

—1/2,~ N ~ —1/2,~ P
and || My, (@, —gn) 1< (ca7)'/? || (7a)~1/2H "/ (@, —gn) || 0, by Propo-
sition 3. Therefore it is enough to prove that M,/ *g, % N(0,I). By the

Cramér-Wold theorem, this is equivalent to showing that: YA, || A ||=1

NM; Y2, =3 7, 5 N(0,1) (9)

i=1

where Z,; = ATM,'*XTAPR; 1A ¢, Note that E(Z,|Fi_1) = 0 for
all i <, ie. {Z,;i<n,n>1} is a martingale difference array.

Relationship (9) follows by the martingale central limit theorem with Lin-
deberg condition (see Corollary 3.1 of Hall and Heyde, 1980) if

> EIZ2 (| Zni| > €)|Fiia] — 0 as. (10)

i=1

and
n

> B(Z;

i=1

Fioq) 1 (11)

Relationship (10) follows from (Nj) exactly as in Lemma 2 of Xie and Yang
(2003) with +(t) = t%/2. Relationship (11) follows from (C2)" and (H'):

ZE(ZEL,HE—O -1 = Z[E(ZEL,J}?—D - E(Z]))]
=1 =1
n
= Y NTMYXTAPRWR, A PX M2
=1
< max Apax(Vi) - max Amax(R; 1) - ATM/2M, M 1/2)
1<i<n 1<i<n
< P

C~ ' max Apax(Vi) — 0
i<n

12



O
Putting together the results in Theorem 4 and Lemma 1, we obtain the
asymptotic normality of the estimator f3,.

Theorem 5 Under the conditions of Theorem 3, (Ns) and (H')
M, /2Hy, (B, — o) — N(0,1)

Remark 7. In applications we would need a version of Theorem 5 where
M, is replaced by an consistent estimator. We suggest the estimator proposed
by Liang and Zeger (1986) (see also Remark 8 of Xie and Yang, 2003). The
details of the proof are omitted.

A  Appendix A

The following lemma is a consequence of Kaufmann’s (1987) martingale strong
law of large numbers and can be viewed as a stronger version of Theorem 2.19
of Hall and Heyde (1980).

Lemma 2 Let (2;);>1 be a sequence of random variables and (F;);>1 a sequence
of increasing o-fields such that x; is F;-measurable for everyi > 1. Suppose that
sup; E|x;|* < oo for some a € (1,2]. Then

= Z E(zi|Fi-1)) — 0 a.s. and in L

Proof: Note that y; = x; — E(x;|Fi—1),n > 1 is a martingale difference se-
quence. By conditional Jensen’s inequality

lyal® < 207 2| + | Bl Fima) [} < 207 2| + B(|a|*|Fimr)}
and sup;>; Ely;|* < 2% sup;~; Elx;|* < oco. Hence
Elyi| 1
< o, il
Z i supE|y7| Z p < o0
i>1 i>1
The lemma follows by Theorem 2 of Kaufmann (1987) with p=1,B; =i~'. O

Proof of Proposition 1: We denote with r( ), _52), ](Z), (j,k=1,...,m)

the elements of the matrices Rn, Rn, respectlvely V0. We write

n

~(n =(n 1 . * % * % 1 [
Tg(‘k) - 7"5‘/@) =n Z(yijyik — Byl Fi-1)) + o ZUJ(;@) (12)

i=1 i=1

13



The first term converges to 0 almost surely and in L'*%/2 by applying the
Lemma 2 with z; = y;;yj;, and using (C1). The second term converges to 0 in
probability by condition (C2). This convergence is also in L'*9/2 because the
sequence {n~t 3" ’Ug(;c)}” has uniformly bounded moments of order 1 + /2
and hence is uniformly integrable. O

Proof of Proposition 2: We denote with Fj(.z), (j,k = 1,...,m) the el-

ements of the matrix ﬁn Let Smk = [aijaik}/[aij(Bn)aik(ﬁn)] -1, Auij =
tig(Bn) — 1ij(Bo) and
A(eijeik) ‘= €y (Bn)ezk(gn) — €ij€ik = (Aﬂij)(Aﬂm) - (A/Jij)eik - (Auik)eij

With this notation, we have

ik

~(n) A(n)_]- - Eij(ﬁn)eik( n) I €ij€ik
- = Ly llblenln) - cuen

From here, we conclude that
- 1 <&
75— P < Ui+ max [0, - {Un,jk +o > nyjyfk}
= i=1

where

1 A - 1A
Unjr = EZ| tig - | /Mc|+

15~ Ayl Ny |+liM |
P 000k n 4 i Ty Oik Y

K2

I
-

1 2 3

n,jk

Recall that our estimator 3, was obtained in the proof of Theorem 2 of Xie
and Yang (2003) as a solution of the GEE in the case when all the “working”
correlation matrices are R;ndeP = I. One of the consequences of the result of

Xie and Yang is that for every fixed € > 0, there exist 7 = r. and N = N such
that, if we denote Q,, . = {f3,, lies in Bi*deP(7)} then

P(Q,.) >1—¢ foralln> N.
We define 3,, to be equal to 3y on the event Q7 ¢ Therefore,

on QF . : max|d; x| =0 and Ay, = 0.
’ i<n

14



Using Taylor’s formula and assumption (AH )P we can conclude that on
the event €, ., there exist a constant C' = C, such that

M —1l<C- (,Yg)mdcp . (ml/QT) for all i S n
,U/(Xijﬂn)

10i.k] =

n 2 5 n 0‘2‘ _n 2 5
Ly Bl n_l(ﬁn—ﬁo)T{Z (f”) o2l (B — Bo)

IN
S
L
=
\
s
=

XTA?[A;(Bo) AT PALY X, }(f»’nﬂw
< n'max\

fnax[Ai(B_n)Afl]- I (E4P) 2 (B, = o) |12

< COn~Y(m?r)

1
Note also that E[n~" Y7 (y5;)?] = E[#™] = O(1) since f; m_7m L0 and

33 33
?(?) = 1. Applying the Cauchy-Scwartz inequality to each of the three sums

that form U, ji we can conclude that

B!, —0 and E[U

k)] — 0, 1=2,3

On the other hand
E[max|5wk| Un,jk] = / max|5”k| Up jkdP < C'( )mdeP/ Upjk — 0
i<n Q, . isn Q

IN 1 = * ok in n ~(n
Blmax |55l - — 3 lyfjil] < CO)™PEE N EFEDY - 0
- i=1

|

B Appendix B

Proof of Proposition 3: Let h”,C =[o% /03], R = Qp = (qjk))J k=1,.
and R,;! :=Q, = (qj(‘k))j,kﬂ,---,m- With this notation, we write

(70" V2H V2 (g, — Z qjk _q]k (7)) 1/2H—1/22h szng}
k=1

15



By Theorem 1, q(n) qj(z) £ 0 for every j, k. The result will follow once we

prove that {(7,)~ 1/2H;1/2 S hfjol)gxljelk}n is bounded in L2, for every j, k.
Since (€;)i>1 is a martingale dlﬁerence sequence, we have

E(| (7)"YPHY2 ST 00 xijean |IP) = (7.) " 'te{H, 1/2<Z<h£3,1> o3 xix0)H, %
i=1 i=1

= (7)Mo {H V3 Z%Xlg x[)H,V2) < (7) 7 (4mdy,) (L) = dmp

=1

because >, afjxijxg;- <30 XTA X < Apax(Rp)H, < 4mF,H,,. O
Proof of Proposition 4: We write
Du(B) = Ha(B) + Bu(B) + En(B),  Du(B) = Hu(B) + Ba(B) + En(B)

where ﬁn(ﬁ),gn(ﬂ)fg(ﬂ) have the same expressions as H,(3), B, (8),&x(5),

with R,, replaced by R,. Our result will follow by the following three lemmas.
O

Lemma 3 Suppose that assumption (1TH) holds. If (mpAn)n ts bounded, then
for any r > 0 and for any p x 1 vector X with || A ||=1,

sup  |ATH,,V/?[H,.(8) — H,(8)H, 2\l 5 0
BEB,, (1)

Lemma 4 Suppose that assumption (Z\ﬁ) holds. If (724y,)n is bounded, then
for any r > 0 and for any p x 1 vector A with || A ||=1,

sup  [ATH,, Y?(B,,(8) — B,(8)|H;, 2\ 2 0
BEB, (1)

Lemma 5 Suppose that assumption (E) holds. If (n'/?3,,), is bounded, then
for any r > 0 and for any p x 1 vector X with || A ||=1,

sup  [NTH,'2[E,(8) — £.(8)H; 20 25 0
BEBL(r)

Proof of Lemma 3: Using Theorem 1 and the fact that |TJ(Z)| < 2 for n large,

we have A,, = R}/Qﬁ;lR}/Q ~I=RY? (7%;1 — R;l)R}/Q Lo (elementwise).
For every (3, B
NTH, VP [H (8) — Hy (B)]H, V2| =

16



n
| Z ATHgl/QX?AZ(6)1/2R;1/2AnR;1/2A1(ﬁ)1/2X1H;1/2)\|

i=1
< max{ | Amax (An)|; [Amin (An)|} - {)‘THr_Ll/QHn(B)H;UQ)‘}

The result follows, since one can show that for every 8 € B, (r)

IANTHYV2H, (B)H; V2 a—1| < XTHV2HI (6)H V2 42 0TH, V2HE (6)H /2 )|

< OnAn + 2C (1) V2 < C (13)

where

HU(3) = ZXT AP (B) - AR YA (B) - AVDX,
HY(3) = ZX? (A2(8) - AR TALPX,

We used the fact that supge g () maxi<p Amax{(A 1/2(ﬂ)A;1/2 - 1)2} < O,
which follows by (AH) as in Lemma B1.(ii) of Xie and Yang (2003). O

Proof of Lemma 4: Let w, ,,(3)7 = ATH,, '/*XT G (8)diag{X,H,, "/ \}R,,*/*
and z; ,(0) = R,_Ll/QAZ-(B)_lm(ui — pi(B8)). We have

INTH 2 (BRI (8) — BL(B)H, A = Zwm )T Anzi ()]

<[l An | {Z | win(B II2}1/Z{ZIIZM II2}1/2

using Cauchy-Schwartz inequality. Methods similar to those developed in the
proof of Lemma A.2.(ii) of Xie and Yang (2003) show that for any 8 € B,(r),

Sty 1 Win(8) [P< Crunn” and S0 || 20n(8) [P Crnfudmax (H ' *Ha (5)
HEI/Q) < C7, 7y (using (13) for the last inequality). Hence

sup  |ATHL V2B (8) — BI(B)H, 2N < C || A, | n(Fn) /2 250
BEB(r)

Let vin(8)7 = ATH, /X7 A;(8)/?R,"* A, Ry, P diag {(X,H, 2 A1GE (9)
A;(B)/?R1/?. We have

INTHY2[B2(8) — BRI, 2A = [ vin(8) T 2in(5)]

i=1

17



1/2

n 1/2 n
< {Zl | vin (B) ||2} {Zl | 2i,n(5) ||2}

One can prove that for any 8 € Bn(r), S vin(B) [1P< Cﬁnvﬁlo))\max(/l%) .
(ATH,Y?H, (B)H, 20} < Crp ) || A, ||? (using (13) for the last inequal-
ity). Hence

sup  |ATH, V2B (8) - BE(B)H, V2N < C || An || m0(5a)/? =0
BEB,(r)
Oa
Proof of Lemma 5: We write &,(3) — &,(8) = [EV(8) — e (B)] + [EF(8) —

gl (8)] and we use a decomposition which is similar to that given in the proof
of Lemma A.3.(ii) of Xie and Yang (2003). More precisely, we write

NTHV2EN () — e AIE, 2N = T 4 T () + T (8)
NTHPIERN() — EF () H 20 = T + T () + T (9)

where T3 (8) = 327, (@5) — a4)) - SY,(8) for 1 =1,...,6 and

n,jk

S = NTHJV2STIATY2GH); [diag{XGH AN A xiein
=1
n
SELLB) = NTH,V2Y (A6 (6)]) [diag{XH, V2N [A(8) VA - 1),
i=1
hE?ZXijeik
=1
SEL = NTHTY2S [diag{XGH, ARG A b)) xijen
1=1
n
SULB) = ATHY2ST [ATAG(B)Y2 - I)j[diag{XH; V20N (GP (9) AL,
=1
h;?l)cxijeik
SOLB) = ATHY2N [diag{XH, 2}, [(GP(8) — GPYA ) xein
=1

(here we denoted with [A]; the j-th element on the diagonal of a matrix A).
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Since Q';k) q(z) — 0, it is enough to prove that {Sn gk:}7“ {S[zjk}n and

{Supﬁeén(r) |Sn7jk( )}n, I = 3,4,5,6 are bounded in L? for every j,k = 1,...,m
We have

3

B(|SL5 ) < te{H, 2 (Z A7PGI [diag{XHL 202 () 207 x5! )H-W}
i=1

< CyOtr{HV2( Zo XX ) 12y < 0O (amp 7,) = CF, < C.

i=1
By the Cauchy-Schwartz inequality, for every § € B,,(r)

n

ISP < {Z[A;1/2G£1 (8))2 [diag{X;H, /2A})2 [A;(8)"V/2A}% - I]g}

i=1

{Z(hﬁ?;l)?e?k(ﬂﬂ;“?xijf}

i=1

< Oy, - ANTHY2 (Y (B0 2 x5 H, V2
=1

Hence E(supgc 3. ") |Sn gk(ﬁ>| ) < C'n%,o)’yn (\TH,, 1/2(22 102 Xii ”) 1/2)\} <
Crypin - (4m7,) < Cn(F,)* < C. )
Similarly, by the Cauchy-Schwartz inequality, for every 8 € B, (r)

|Snjk( )P < {Z[Ail/Q(GE](ﬁ) G[l])] [diag{X;H,, 1/2)\}] }

=1

{Z(hi?i) <ATHn1/2xij>2}

=1

< Om©OF, - (NTH2 (S (02 xx5)H, V20

i=1

and E(supgeg, (1) |Sn jk(ﬁ)|2) < Cn(i,)? < C.

The terms ST[ll jk(ﬁ), [ =2,4,6 can be treated by similar methods. O
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